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— 3HaeTe 4TO, MUABIY ApaMuc? — cCKa3aa A'ApTaHbsSIH, HEHABHUAEBIIHIH CTHUXU
IIOYTH TaK >Xe CHABHO, KakK AaTblHb. — A00aBbTe K AOCTOHMHCTBY TPYAHOCTH
AOCTOHHCTBO KPATKOCTH, H BBl CMOXXeTe OBITh yBEpPEHHBI B TOM, YTO Ballla IT03Ma
OyAeT UMeTh HUKAK He MeHee ABYX AOCTOHHCTB.

Pa3zpen 1. Khaccumyeckasi BEpOSITHOCTHAS cxeMa

1.1 OcHoBHbBIE (POPMYABI KOMOMHATOPUKH

B paHHOM pazpere MBI 3aliMeMCs IMIOACUETOM UMCAA «IIaHCOB». O 4mMCAe HIaHCOB TOBOPST,
KOTAQ BO3MOJKHO HECKOABKO Pa3AWUYHBIX PE3YABTATOB KaKOT0-AMOO AeNCTBHUS (M3BA€UEHHE
KapThl M3 KOAOABI, IIOAOpachIBaHME KyOWKa WAUM MOHETKHU, ABYX KyOHMKOB U T.A.). Yucao
IIaHCOB — 3TO YUCAO TAKHUX BO3MOJKHBIX PE3YABTATOB, MAU, NHAUe TOBOPS, YUCAO CIIOCOOOB
POAEAATh 3TO AENCTBUE.

TeopeMa 0 mepeMHOXE€HUM IIAHCOB

Teopema 1. I[lycmb umeemcs k, k € N, rpynn sanemenmoB, npuueMm i-si Fpynna cogepxum
n; sAeMeHmoB, 1 < ¢ < k. Brlbepem u3 Kaxgol rpynnbl no ogHoMy sremenmy. Torga obuiee
yucao N cnocoboB, KomopblMU MOXHO nNpou3Becmu makou BblOOp, paBHsaemcs
N=mn1-ng-... ng.

3ameuanmue 1. B Teopeme 1 cunuTaeTcs, 9YTO pa’Ke €CAU BCe DAEMEHTHI B -1 IPYIIIle Hepas-
AMYMMEI, BBIOpaTh OAWH M3 HUX MOKHO n; cnocobamu. I[lpeapcTtaBum pesysemam BBHIOOPA,

ommcaHHOro B TeopeMe 1, B Bupe HaGopa (ai,...,ar), B KOTOPOM a; — BBIOpAHHBIN U3 -1
TPYIIBL 9AeMeHT. Toraa oflllee YHMCAO Pa3AMYHBIX HAOOPOB (ai,...,a)) TaK>Ke paBHIETCS
N:nl-ng-...-nk.

AoOKa3zaTreAbCTBO TeopeMsl 1.

3a"HyMepyeM BAeMEHTHI ¢-H IPyNIbl YucAaMu OT 1 a0
1 n;. OAEMEeHT K3 IIepBOM I'PYIILI MOXKHO BBEIOpPATh N
crnocobamu. Ecau MBI BBIOpaAu saeMeHT j, 1 < j <
n1, TO BEIOpPATh 3A€MEeHT U3 BTOPOU TPYIIILI MBI MOJKEM
ng cnocobamu. IToaydaeM, 4TO C IEPBBIM DAEMEHTOM j
BO3MOYKHO COCTaBUTb ng map (j,1), rae 1 <1 < no.
Ho cToABKO Ke mmap MOJKHO COCTaBUTh U C AIOOBIM APY-
TUM JA€MEeHTOM IIepBOM rpynnbl. Toraa Bcero map, B
ns KOTOPBIX IIE€PBBIM 3A€MEeHT BBIOPAH U3 IIEPBOU I'PYIIIEL,
a BTOPOU — U3 BTOPOM, CYIIIECTBYET POBHO N * Na.

WNHaue roBops, eCTb np - Ny CIOCOOOB BHIOPATh IO OAHOMY 3AEMEHTY U3 IEPBBIX ABYX
rpymm. Bo3bMeM OpHY Takyio mapy (7,0). 3aMeTum, 94TO SAEMEHT U3 TPEeTbel IPYIIIBI MOKHO
BBEIOpATh n3 cocob6aMy, TO €CTh BO3MOKHO COCTaBUTH POBHO n3 TPoek (j,l,m), A0GaBAsIs K
AQHHOM 11ape (j,!) AIo60M U3 n3 SIAEMEHTOB TPEThel I'PYIIIHL.

Ho cToABKO ’XKe TpOeK MOJKHO COCTaBUTh U C AI0OOU Apyroi mapoi (j,l). Toraa Bcero
TPOEK, B KOTOPHIX NEPBHIM 3A€MEHT BBEIOpPAH M3 II€PBOM IPYNIIEl, BTOPOU — M3 BTOPOY, a
TPEeTUM — U3 TPeTbel, CYIIeCTBYeT POBHO 1 - Ng - N3.

[MTpoporKass paccyKAeHUs, METOAOM MaTeMaTHdeCKOM MHAYKIIUU 3aKAI0YaeM CIIPaBeAAN-
BOCTBb YTBEPKAEHUS TEOPEMBL. O

YopakHenue 1. CdopMyAMpPOBaTH HPEAIIOAOKEHNE UHAYKIVM U AOKa3aTh MHAYKIIUOH-
HBIM mTepexop oT k — 1 K k.



VpHBI 1 1LIapUKHu

Ectp ypHa (TO eCTh 4IIWK), COApeprKalllas 7 3aHYMEPOBAHHBIX OOBEKTOB, KOTOPBIE MBI
0e3 orpaHUYeHUsA OOUIHOCTH OYAEM CUMTATh ITapuKaMW. MBI BBIOUpaeM M3 3TON YpHHI k
1mapukoB. Hac mHTepecyeT, CKOABKUMU CIIOCOOaMU MOJKHO BBIOpaTh k HMIAaPUKOB U3 N, UAU
CKOJ/IbKO PA3/UYHbIX pe3yabmamoB (To eCTb HaOOPOB, COCTOANIUX U3 k MIapPUKOB) IMOAYYHUTCH.

Ha sTOoT BOopoc HeAb3sI AQTh OAHO3HAUHLIM OTBET, ITOKAa MBI HE ONPEAEAUMCH
a) ¢ TeM, KaK OPraHU30BaH BEIOOD (CKa>keM, MOKHO AU LIaPUKU BO3BpAllaTh B YPHY), U
0) C TeM, YTO IOHUMAETCH IIOA PA3/IUYHbIMU PEe3yABTaTaMU BEIOODA.

PaccMmoTpuMm caepyromje BO3MOJKHEBIE CXeMBI BEIOOpA:

1. BriOop c BO3BpallleHWEeM: Ka’KABIM BEIOPAHHBIM HIAPUK BO3BpAlllaeTCs B YPHY, TO €CThb
Ka’KABIM U3 k MIapUKOB BLIOWpPAETCS M3 IIOAHOU ypHEL. B moayuennom Habope, cocTo-
A1eM U3 k HOMEpOB IIapUKOB, MOTYT BCTPEUYaThCS OAHU U Te JKe HoMmepa (Be/6opka ¢
noBmopeHnusamu).

2. BriOop 0Oe3 BO3BpallleHUd: BBHIOpAHHBIE IIAPUKU B YPHY He BO3BPAIAIOTC, U B IIOAY-
YeHHOM Habope He MOTYT BCTPEeuYaThCs OAHM U Te JKe HoMmepa (Bo/b6opka 6e3 noBmopeHrud).

N B TOM, U B APYIrOM CAy4Yae Pe3yAbTaToOM BBIOOpa SIBASETCS HaOOp M3 kK HOMepoB MIa-
PUKOB. YAOOHO CYHUTATh, UTO IIaPUKU BCETAQ BHIOMPAIOTCH ITOCAEAOBATEABHO, IO OAHOMY (C
BO3BpallleHHueM UAM Oe3). YCAOBUMCH, KAKHe PEe3YAbTATHl MBI OyAeM CUUTAThL PA3/UYHbIMU.
EcTb pOBHO ABe BO3MOKHOCTH.

1. BbIOOp C yueTOM IIOpsIAKA: ABa HaOOpa HOMEPOB IIAPUKOB CYUTAIOTCSA PA3AWYHBIMU,
€CAM OHU OTAMYAIOTCSI COCTAaBOM HMAM TOPSIAKOM HOMepoB. Tak, Mpu BLIGOpEe Tpex Iia-
PUKOB U3 YPHEL, COAepIKallel 5 mapukos, Habops! (1,5,2), (2,5,1) u (4,4,5) pa3AudHEL,
€CAM TIPOU3BOAUTCS Bb/60p C yyemom nopsoka.

2. BniOop 6e3 ydeTa mopspKa: ABa Habopa HOMEPOB IIapUKOB CUHUTAIOTCA PA3AWYHBIMU,
€CAU OHM OTAMYAIOTCS cOCTaBOM. HabopBhl, OTAMYAIOUIUECS AUIIL [IOPSIAKOM CAEAOBAHUSA
HOMEPOB, CYNTAIOTCS OAMHAKOBBIMU. Tak, B IpUMepe BHIIIe IepBhie ABa Habopa (1, 5,2)
u (2,5,1) eCcTb OAMH U TOT JKe pe3yAbTaT BbIOOpa, a Habop (4,4,5) — APyroi pe3yAbTaT
BEIOOpA.

INopcunTaeM Temepb, CKOABKO >X€ BO3MOJKHO PA3AMYHBLIX PEe3yAbTAaTOB IPU Ka>*kKAOM U3
yeThIpeX cxeM (BEIOOP € Bo3BpallleHWeM M 0e3, ¥ B KaKAOM U3 ITUX CAyYaeB YUUTHIBAEM AU
MBI TIOPSIAOK MAU HET).

YpHoBas cxema: BbIOOp 0e3 BO3BpallleHUs], C y4eTOM IOopsiAKa

Teopema 2. Oobujee xoruuecmBo BbIOOPOK B cxeMme BblOopa k areMeHmOB u3 n 6e3 BO3BpPA-
WeHUA U C yiemoM Nopsigka onpegeasiemcs popmMyAol

n!

Ak:n(n—l)'-u'(n_k—'_l):m

n

k

u HA3blBaemecs 4ucsiom ,OG3M6LL{€HUL7 uz n 3nemeHmoB no k 3nemeHmoB.

AoKa3aTeAbCcTBO. [lepBEBIN MIapUK MOKHO BBIOpaTh n criocobaMu. [Ipm Ka>kpoM M3 3THX
CII0OCOO0OB BTOPOM MIapUK MOXKHO BBIOpaTh n — 1 cmocobom, u T.p. [locaepnuit k-# mapuk
MO>KHO BBIOpaThb n — k + 1 crmocobom. ITo Teopeme 1, obiree uncAo cnocoO60B BLIOOPa PaBHO
n-(n—1)-...-(n—k+1), uTo 1 TpeGOBAAOCH AOKA3aTh. O

CAeACTBI/Ie 1. HucAo BO3MOKHbBIX nepecmaHOBOK MHOXeCcmBA u3 n SA€MEHIMOB eCilb n!

AOKa3aTeAbCTBO OYEBUAHO, €CAW 3aMETUTh, UYTO IePecTaHOBKA eCTh He YTO WHOe, KakK
pes3yAbTaT BEIOOpa 6e3 BO3BpAIleHUS U C YUETOM IOPsSAKa BCEX 1 SAEMEHTOB U3 n. Tak 4To
o0I1ee YNCAO ITepecTaHoOBOK paBHO Al = n! O



VYpHoBas cxeMa: BbhIOOp Oe3 Bo3BpallleHNs U 0e3 ydeTa MmopspKa

Teopema 3. Ob6uiee KoauuecmBo BbIOOPOK B cxeMe BblOopa k saremeHnmoB u3 n 6e3 BO3BpA-
weHuAa u 6e3 yuema nopagka onpegeasemcs gopmyaoll

Ck_A_fz_ n!
"k kl(n—k)!

U HA3BIBAECIMCA YUC/AOM coyemaHul uz n 3nemeHmoB no k 3nemeHmos.

AoKa3zaTeAbCTBO. 3aMeTuM, YTO, COTAACHO CAEACTBHUIO 1, M3 Ka’kKAOM BBLIOOPKU AA@HHOTO
cocTaBa (cocTodIel u3 k SAeMeHTOB) MOKHO 006pa3oBaTh k! BEIOOPOK, OTAMYAIOIIUXCS APYT
OT ApPyTa TOABKO TOPSIAKOM 3AEMEHTOB.

To ecTb YMCAO BHIOOPOK, PA3AUYAONINXCS elle U MOPSAKOM, B k! pa3 GoAbIle, YeM YUCAO
BEIOOPOK, Pa3AMYAIONIMXCSI TOABKO cocraBoM. Iloapeaums A ma k!, moayumm yTBepkaeHHe
TEOPEMEL.

O

ypHOBaﬂ cxeMa: BLIGOp C BO3BpaAdllleHNEM U C y4€TOM IIOPSIAKaA

Teopema 4. Ob6uiee KoAuuecmBO BblOOPOK B cxeMme BblOOpa k 5AeMeHmoOB U3 n C BO3BpPA-
WeHUEeM U C yYemoM NopAagka onpegeasemcs popmMyaol

AoKa3aTeabcTBO. [lepBEBIN MIapUK MOKHO BEIOpaTh n criocob0aMu. [Ipm Ka>kpoM M3 3THX
CII0cO0O0B BTOPOM IIapUK MOKHO BBIOpATh Tak’ke n CIiocobaMH, M Tak k pas. ]

VpHoBast cxeMa: BHIOGOP C BO3BpallleHHEM U 0e3 yueTa MopsiAKa

PaccMoTpuM ypHY C ABYMS IIapUKaMU U IIEPEUYNCAUM PE3YAbTAThl BLIOOPa ABYX IIIAPUKOB U3
9TOM YPHBI TPU BEIOOpPE C BO3BpallleHUEeM:

3ameTuM, 4TO B cxeMe «0e3 ydeTa IMOpSAKa»

C yd4erom mnopsiaka | 6es ydera nopsiaka MIOAYYMAOCH 3 PA3AMYHLIX PE3yAbTaTa B OTAHU-
(1,1 (1,1) Ure OT YeThIPpeX B CXeMe «C y4eTOM IIOPIAAKA»
(2,2) (2.2) (uMcAO 4 BO3HHMKAET U COTAACHO Teopeme 4);
(1,2) U YTO HUKAKUM ACAeHHEeM Ha «YMCAO KaKUX-
(2,1) o2 HUOYAD TIEPECTAHOBOK» YUCAO 3 U3 4 IIOAYYHTH

He YAACTCA.

Teopema 5. Ob6uiee KoauuecmBO BbIOOPOK B cxeMe BblOOpa k 5AeMeHmoOB u3 m C BO3BpPA-
weHueM u 6e3 yuema nopagka onpegeasiemcsa popmyaou

Chik1=Chia s
YopakHenue 2. [IpoBepuTth, uTo Ipu n = 2 U k = 2 TOAy4YaeTCsd POBHO 3.

AoKa3zaTreabCTBO. PaccMOTpUM IIOAPOOHO, UYeM OTAMYAIOTCS APYT OT Apyra ABa Pa3HBIX
pe3yAbTaTa TaKOM CXeMBI BEIOOpA.
HaMm He Ba’keH MOPSAAOK HOMEPOB, TO €CTh MBI YUUTHIBAEM TOABKO, CKOABKO pa3 B HallleM

Habope M3 k HOMEPOB IIAPUKOB ITOSIBUACS IIApUK HoOMep 1, Imapuk HOMep 2, ..., IapuK
HoMep n. To ecTb pe3yAbTaT BhIOOpA MOJKHO IPEACTaBUTH HAOOpoMm umcea ki, ka,...,kp, B
KOTOPOM k; — UYMCAO IIOSIBA€HUM IITapuKa HOMep ¢ B BHIOOPKe, U k1 + ...+ k, = k. Uwmcaa

k; npunumaroT 3HaveHus u3 N U {0}. Tlpu 3ToM ABa pe3yAbTaTa dKCIEepUMEHTa Pa3sAWYHEL,



€CAV COOTBETCTBYIOIUEe UM HAOOpH ki, ks, ... ,k, He COBIAAAIOT (IPW 3TOM yYHUTHIBAETCS U
TIOPSIAOK SAEMEHTOB).

IlpepcTaBuM cebe APYTOM DKCIEPUMEHT, UMEIOIIUI TOUHO TaKWe Ke Pe3YAbTaTHL (U, CAe-
AOBaTEABHO, UX CTOABKO JKe). EcCTb n AIUKOB, B KOTOPHIX pa3MelaeTcd k IIapukoB. Hac
UHTEPeCyeT TOABKO KOAUYEeCMBO WAPUKOB B KWKgoM sijuke. TO eCTb Pe3yAbTaTOM 3KCIIepu-
MeHTa CHOBAa siBAsieTcs Habop umcea ki, ks, ..., k,, B KOTOPOM k; — UMCAO IIaPUKOB B SIIUKE
c HOMepoM ¢, u k1 +. ..+ ky, = k. Hucaa k; mo-nipe>xHeMy IPUHUMAIOT HaTypaAbHble 3HAUEHUS
uAmM paBHHI 0.

A Temeppb M300pa3zyvM pe3yAbTAT TAKOTO pPa3MellleHWs B BHAE CXeMBI, B KOTOpPOU BepTu-
KaAbHBIE AMHUU OOO3HAUYAIOT IIEPETOPOAKM MEKAY FIIMKAMHU, & KPY’KKU — HaXOAJIINECS B
AMIMKaX IapUKU:

MBI BUAMM Pe3yABTAT pa3MellleHusa 9 IMapuKoB IO 7 AIUKaM. 3AeCh 1-U AMUK COAEPKUT 3
1IapUKQ, 2-U U 6-1 AIIUKU IIYCTHI, 3-U AWK COAep>XUT | mapukK, U B 4-M U 5-M dIIUKaX eCcThb
no 2 mapuka. [lepero’kuM OAWH IIapUK W3 MEPBOTO SAIMKA BO BTOPOU U M300pa3uM TaKUM
Ke 00pa3oM ellle OAUH pe3yAbTaT pa3MelleHusd:

o |. U emnre opuH: HHH

BuauM, 4TO BCe pa3MellleHUs MOJKHO TIOAYUMTH, MEHSAS MeKAy COOOM IIapuKu U Iepe-
TOPOAKY, WAM PAcCTaBAss k IIapukoB Ha n—1+k mecte. Hmcao n—1+k moaydaercs Tak: y
n AIIUKOB €CTh POBHO n+1 Ieperopoapka, cuuTas KpaWHue, UAUM n—1 Ieperopopka, eCAU He
CUUTATh KpalHHue, KOTOPhle ABUTATh HeAb3s. U ecTh k 11apukoB. [lepe6paB Bce BO3MOJKHBIE
CHOCOOBI PacCTaBUTH k IITAapUKOB Ha 3TUX n—1+k MecTax (M CTaBd Ha OCTaBUIMECS MeCTa
IIEPETOPOAKH), ITepebepeM BCe HY’KHBIE pa3MelleHUs.

Ho cmmoco60B paccTaBuUTh k IIIapuKoOB Ha n—1+k MecTax poBHO Cﬁ_Hk — BTO B TOUHOCTH
YUCAO CHOCOOOB BHIOpaTh M3 n—1+k HOMepoB MecT kK HOMepPOB MecT (0e3 ydeTa MOpsAKa
u Oe3 BO3BpallleHUs), Ha KOTOPbIe HY)KHO IIOMECTHTh LIAPUKH. 3aMeTHM, YTO PaBEHCTBO
C’; kel = Cg;;_l BEPHO KakK II0 OIIPEAEAeHUI0 OMHOMUAABHBIX KO3((UIUEeHTOB WAM CBOU-
CTBAM TPeYTOABHUKA [lackansg, Tak U B CHAY TOTrO, UTO MOKHO BMeCmO BBIOOpA k MeCT AAA
IIapUKOB BLIOUPATH n—1 MECTO AAS IEPEropOAOK SAITUKOB, 3aIIOAHSS IITapUKaMU OCTaBIIUECT
MecCTa.

O



1.2 OcCHOBHBIE ITOHSTHS SAE€MEHTAPHON TEOPUH BEePOSITHOCTEN
ITpeapMeT Teopuu BeposTHOCTen. CtaTuCcTUYeCKasi yCTOMYNBOCTD.

Teopua BepOSITHOCTEeN HM3ydaeT 3aKOHOMEPHOCTH, BO3HUKAIOIIHWE B CAyYaWHBIX 3KCIIe-
puMeHTax (9BAeHUAX). CAydaWHBIM HA3BIBAIOT 3KCIIEPUMEHT, PE3YABTAT KOTOPOTO HEAb3S
npeacKkas3aTh 3apaHee. HeBO3MOXXHOCTH IIpeACKas3aTh 3apaHee — OCHOBHOE, UTO OTAWYAET
cayyaliHoe siBAeHUe OT 0emepmuHupoBaHHO20.

He Bce caydailiHble 9BAeHUS (IKCIEPUMEHTHI) MOJKHO M3yd4aTh METOAAMU TEOPUU BEPOSIT-
HOCTeH, a AUIIbL Te, KOTOpPble MOT'YT OBITh BOCIPOM3BEAECHBI B OAHUX U TeX >Ke YCAOBUSAX U
00OAQAAIOT (HEMOHATHO KakK IIPOBePIeMBIM 3apaHee) CBOMCTBOM «CTATUCTUYECKON yCTONUYUBO-
CTU»: eCAu A — HeKOTOpoe COOBITHEe, MOTYyIllee TPOU30UTH UAU He TMTPOU30UTH B pe3yAbTaTe
OKCIIEPUMEHT], TO AOAST n(A)/n ducAa SKCIEPUMEHTOB, B KOTOPBIX AQHHOE COOBITHE IIPO-
U3O0IIAO, UMeeT TEHAEHITUIO CTaOMAN3UPOBATLCS C POCTOM OOIIEro YHUCAA 3KCIIEPUMEHTOB 1,
IPUOAMIKASACH K HEKOTOPOMY 4YuCAY P(A). OTO YMCAO CAYKUT OOBEKTHBHOM XapaKTEePUCTH-
KOM «CTeleHW BO3MOKHOCTU» COOBLITUIO A IIPOMU30MUTH.

B aAanpHelneM MBI OyA€M TOBOPUTH AWIIL O CAYYAMHBIX 3KCIEPHUMEHTAX, OOAAAQIOIIUX
AAHHBIMU CBOMCTBaMH, & CBOMCTBO CTATUCTUUYECKOM YCTOMUYMBOCTU AOKaKeM B YTBEP KAEHUH,
U3BECTHOM KaK 3aKOH OOABIINX yucea S. bepHyAAn.

IIpocTpaHCTBO 3AeMeHTapHBIX UCX0A0B. Onepanuy Hap, COOBITUSIMU

Omnpeaenenne 1. [JpocmpaHcmBom 3nemeHmapHsIX ucxodoB () («dMera») Ha3bIBAeTCST MHO-
>KeCTBO, COAeprKalllee BCe BO3MOJKHEIE Pe3YAbTAThl AQHHOT'O CAYYaMHOTO 3KCIlepHMeHTa, K3
KOTOPBIX B 3KCIIEPUMEHTE ITPOUCXOAUT POBHO OAMH. DAEMEHTHI 3TOI'0 MHOKECTBa Ha3bIBAIOT
3/1eMEHMAPHBIMU UCX00amu ¥ 0603HAYAIOT OYKBON w («OMera») ¢ MHAEKCAMU MAU Oe3.

Onpepenenue 2. Cobbimusmu MBI GyAeM Ha3bIBaTh IIOAMHOJKECTBa MHOXKecTBa (). T'oBo-
pST, YTO B pe3yAbTaTe 3KCIepUMeHTa npouzowsno cobsimue A C (), ecAm B 3KCIEPUMEHTE
IIPOU3O0IIEeA OAUH U3 SAEMEHTAPHEBIX MCXOAOB, BXOAAIIUX B MHOKECTBO A.

3ameuanue 2. BooOmie roBops, MOKHO Ha3BaThb COOLITUSAMU He O0SI3aTEABHO BCE IIOA-
MHO>KeCTBa MHOYXKeCTBa {), a AWUIIb MHOYXeCTBa M3 HEKOTOPOTO Habopa moaMHOXKecTB. O
CMBICAE TAaKOTO OTPaHUYEHMs MBI IIOTOBOPUM II0O3AHEE.

IIpumep 1. OpuH pa3 NoAOpPAcCEIBAETCS OAHA UIrPAAbHAA Kocmb (KyOuWK). CaMBIA pasyM-
HBIN CIIOCOO 3aAaTh MIPOCTPAHCTBO 3AEMEHTapHBIX MCXOAOB TakoB: () = {1,2,3,4,5,6}, anre-
MEHTapHbIe UCXOABL 3AeCh COOTBETCTBYIOT UHCAY BBIIIABIINX OYKOB.

[Mpumepsr cobbrtuii: A = {1,2} — BBIIAAO OAHO uAM ABa ouka; A = {1,3,5} — BBImano
HeYeTHOe YKMCAO OYKOB.

ITpumep 2. ABa pasa NOAOPACHIBAETCS OAHA UIDAAbHAA KOcmb (KyOuK). Mam, 9TO TO Xe
camMoe, OAVH pa3 TTOAOPACHIBAIOTCS ABEe WTParbHBIE KOCTH. KakK MBI YBUAUM B AQABHEUIIIEM,
3A€Ch CaMBIM pa3yMHBIN CIIOCOO 3aAATh IPOCTPAHCTBO JAEMEHTAPHBIX MCXOAOB — CUUTATh
PEe3yABTATOM 3KCIIEPUMEHTA YIIOPSIAOYEHHYIO mapy uuceA (i,7), B Koropo# 1 < i,7 < 6 u i (j)
€CTh YMCAO OYKOB, BBHINIABIIUX IIPU IepBOM (BTOpoMm) mopGpackiBanum: 2 = {(i,j), rae 1 <
i,j < 6}.

[TpumMepsl COOBITUM:

A={(1,2),(1,3),(1,4),(1,5),(1,6)} — mpu nepBOM IOAOPACHIBAHUY BBIIIAAO OAHO OYKO;
A={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)} — mpu AByX MOAOPACEIBAHUIX BHIIIAAO OAMHAKOBOE
YUCAO OYKOB.

ITpumep 3. Ha moBepxHOCTH CTOAA OpocaeTcd MOHeTa. Pe3yAbTaTOM 3KCIIepuMeHTa MOXK-
HO CUUTATh KOOPAMHATY IleHTpa MOHETHI (& eCAM HaM He Oe3pa3AudeH YTOA IIOBOPOTa MOHe-
ThI, TO MO>KHO AOOAQBUTH U BEAMYUHY 3TOTrO yTAd). [IpoCcTpaHCTBO 3AeMeHTapHBIX HCXOAOB —



MHO’KECTBO TOUEK CTOAA (B BTOPOM CAydae — MHOXecTBo map {(z, )}, rae z € R? — Touka
crora u ¢ € [0,27) — yroa moBopoTa). YUCAO 3A€MEeHTapHBIX MCXOAOB TAKOTO IKCIEPUMEHTa
HECYETHO.

ITpumep 4. MoHeTa oAOpPACHIBAETCS AO TEX IIOP, MOKA He BHIIAAET BBepx repbom. [Ipo-
CTPAHCTBO 3AeMeHTapPHBIX MCXOAOB COCTOUT M3 OECKOHEYHOTO, HO CUETHOTO YHMCAA MCXOAOB:
Q = {r, pr, ppr, pppr, ppppr, pppppr, ...,}, TA€ p U I 0003HAYAIOT BBIIAAEHUE PEIIKUA U
repOa IIpy OAHOM TOAOPAChIBaHHUM, COOTBETCTBEHHO.

OrmnpepeneHue 3.

1.  [flocmoBepHosim HA3BIBAETCS COOBITUE, KOTOPOE 0013aTEeABHO IPOUCXOAUT B Pe3yAbTaTe
9KCIEePUMEHTa, TO €CTh eAMHCTBEHHOe COOBITHE, BKAIOUArolee Bce 0e3 MCKAIOUYEHUS
SAeMeHTapHbBIe UCXOABI — COOBITHE ().

2. HeBo3moicHbiM Ha3BIBAe€TCSI COOBITHE, KOTOPOe He MOJKET IIPOU30UTH B pe3yAbTare
9KCIIEpUMEHTa, TO eCTh COOBITHE, He COoAeprKalllee HH OAHOTO IA€MEHTapHOTO HMCXOAA
(«mycTOe MHO>KecCTBO» ). 3aMeTuM, 4To Bceraa & C (2.

Omnpeaenenne 4. Tlyctb A 1 B — coObITHS.

1. O6vedurnernuem AU B cobuituii A 1 B HasbiBaeTcs COOBITHE, COCTOSINEe B TOM, YTO
Ipou30IIA0 AMO0 A, Am6o B, Amb6o o6a coOBITHS OAHOBpeMeHHO. Ha s3bIKe Teopuu
MHO>ecTB AU B ecTh MHOKECTBO, COoAeprKalllee KaK SAeMeHTapHbBIe MCXOABI, BXOASAIIHE
B A, Tak U dAeMeHTapHLIe MCXOALI, BXOAMIINE B B.

2. llepeceyeHuem A N B cobuitTuii A U B Ha3bIBaeTCsI COOBITHE, COCTOsIIEe B TOM, 4TO
nmpousomam oba cobwuiTusi A u B opHOBpeMeHHO. To ectb AN B eCcTh MHOXXECTBO,
copeprKalliee 3AeMeHTapHbIe UCXOABI, BXOASIINEe OAHOBpeMeHHO B A u B B.

3. fononnernuem A\B cobbitusi B A0 A Ha3BIBaeTCsI COOBITHE, COCTOSIIIIEE B TOM, UTO IIPO-
M30IIAO cOOBITHE A, HO He pou30mA0 B. To ectb A\B ecTh MHOXKECTBO, COAepKalllee
SAeMeHTapHBIe UCXOABI, BXOAAIINE B A, HO He BXOAdIIue B B,

4. [MpomuBonosnoxcHoim (MAU OONOAHUMENbHbIM) K COOBITHIO A HasbBaeTcs cobbiTre A = O\ A,
CcocTosIIee B TOM, YTO COOBITHE A B pe3yAbTaTe 3KCIIepUMeHTa He MPOU30IIAo. MHaue
roBOps, A eCTh MHOJKECTBO, COAepIKalllee SAeMeHTapHbIE NCXOABLI, HEe BXOAAIINE B A.

OmnpeaenaeHue J.
1. CoOwitug A 1 B HA3BIBAIOTCA HecoBmecmHbimu, ecau AN B = .

2. CoOGwitusa A, ..., A, Ha3BIBAIOTCSI NONAPHO HECOBMECMHBIMU, €CAU AAS AIOOBIX i % j,
1<14,j <n, cobertusi A; 1 A; HECOBMECTHBI.

3. Tosopsar, uto cobbitue A Breyem cobbitue B, u nuiyT A C B, eCAu BCeraa, Kak TOAb-
KO IPOUCXOAUT COOBITHE A, TPOUCXOAUT U coObITMEe B. Ha A3bIKe Teopum MHOKECTB
39TO O3HAYaeT, YTO AI0OOI SAeMEeHTaPHBIM MCXOA, BXOAIIINHN B A, OAHOBPEMEHHO BXOAUT
u B coOnITHE B.

BeposiITHOCTH Ha AMCKPETHOM IPOCTPAHCTBE dA€MEHTapHbIX UCXOAOB

[TpeATOAOKUM, UTO MBI UMEEM AEAO C OUCKPEmHbIM TIPOCTPAHCTBOM SAE€MEHTapHBIX HC-
XOAOB, TO €CThb IIPOCTPAHCTBOM, COCTOSIIIIUM M3 KOHEYHOTO MAW CYETHOTO YMCAA SAEMEHTOB:
Q={w1,wa, ... ,wn,...}.



Omnpepeaenne 6. ITocTaBUM Ka)kAOMY SAEMEHTAPHOMY HCXOAY w; € () B COOTBETCTBHE
gyrcao p(w;) € [0,1] Tak, uro
Z plwi) = 1.

w; €N

HazoBeM umcao p(w;) BeposmHOCmobto 3A€MEHTapHOTO MCXO0Ad w;. BeposmHocmeto cOOBITUS
A C () Ha3BIBAETCS YUCAO

P(A) = 3 plwi),

w; EA

paBHOE CyMMe BepOﬂTHOCTefI OAE€MEHTAPHBIX MCXOAOB, BXOAAIINX B MHOJXECTBO A.

3ameuanme 3. [lo3pHee, MO3HAKOMUBIIUCH C @KCUOMATUKOU TEOPUM BEPOATHOCTEM, MBI
3aAaAVM BEPOATHOCTU COOBITHM HENOCPEACTBEHHO, a He 4epe3 BEPOSATHOCTH 3AeMeHTapHBIX
ncxopoB. TeMm Ooaee, YTO CAOKEHUEM BePOATHOCTEN 3AeMeHTapHBbIX UCXOAOB MOJKHO IIOAY-
YUTH AUIIL BEPOSTHOCTH COOBITHS, COCTOSIIEro He OOAee UeM M3 CUETHOTO YMCAA IAEMeH-
TapHBIX MCXOAOB (MHaUe caMO MOHATHE CYMMHPOBaHUSA He ollpepereHO). Ho Ha AUCKpeTHOM
ITPOCTPAHCTBE IAEMEHTaPHBIX UCXOAOB OITPEAEAUTH BEPOSITHOCTH COOBITUM TaK, KaK 3TO CAe-
AaHO B ompepereHun 6, Bceraa BO3MOSKHO.

[TepeuncAuM O4YeBHUAHBIE B CAydae AMCKPETHOTO IIPOCTPAHCTBA A€MEHTapHBIX HMCXOAOB
CBOMCTBA BEPOSITHOCTH, KOTOPBIE MBI CKOPO AOKa’keM Cpa3y B OOIIeM CAydYae.

1. 0<PA)<KL, 2 POQ)=1 3 P@)=0 4. P(A)=1-P(4);
5. ecau A u B HecoBmecTHH, TO P(AU B) = P(A) + P(B);
6. B obmem xe cayuae P(AU B) =P(A) +P(B) —P(AN B);

7. ecam AC B, 1o P(A) < P(B).

YnpakHenue 3. AoOKa3aThb IepPEUNCAEHHEIE BEIIIE CBOMCTBA, IOAB3YICH OIPEAEAEHUEM 6.

Kak BMAHO, BEpPOSAATHOCTBIO MOJKET OBITh Ha3BaHa COBEPIIEHHO aOCTpaKTHasg (PYHKIINL,
YAOBAETBOPSIONIAsT HECKOABKUM HeOOpEeMEeHUTEABHBIM TpeOoBaHuAM. OAHAKO O HEOOXOAU-
MOCTH «COOTBETCTBUS TEOPUHU HNPAKTHKE» TOKE HAAO IIOAYMATh.

Kaaccuueckoe OIIpeAeneHne BEPOSITHOCTHU

ITpeAloAO>KMM, UTO MBI UMEEM AEAO C IIPOCTPAHCTBOM 3A€MEHTApPHBIX HCXOAOB, COCTOS-
UM M3 KOHeYHOro unucaa N sneMeHTOB: ) = {wi,ws,...,wy}. Boaee TOro, MpearnoAOKUM,
YTO U3 KaKUX-AU0O0 COOOpa>keHUN MBI MOJKEM CUUTATh dAeMeHTapHble UCXOABL paBHo0B03MOdC-
Hoimu. TOrAa BEPOSITHOCTH AFOOOTO M3 HUX IIPUHUMAETCs paBHOU 1/N.

T cooOpa>keHHUs dallle BCero He UMeIOT OTHOIIEHU K MaTeMaTU4eCKOM MOAEAU U OCHO-
BaHbl Ha KAKOM-AMOO CUMMETPUM B JKCIEpUMEHTe (CMMMETpPHUUYHas MOHeTa, XOpPOIlo Iepe-
MeIllaHHasd KOAOAA KapT, IpaBUAbHAS KOCTh). AuUOO MBI MOXXeM 3apaHee CYUTATh MCXOABI
SKCIIepUMEeHTa PaBHOBO3MOXXHBLIMM, HO TOTAA PAHO MAU IMMO3AHO BCe pPaBHO BO3HUKHET BO-
IIPOC O COOTBETCTBUU TAKOM MaTeMaTUUeCKOM MOAEAN PearbHOMY 3KCIIEPUMEHTY.

Ecan co6ertne A = {wj,,... ,wj, } COCTOUT U3 k 3AeMEHTAPHBIX HUCXOAOB, TO BEPOSATHOCTH

9TOTO COOBITHUS paBHsIETCSI OTHOLIEHUIO k/N:
P(A) = p(wi, ) + — 1 ‘A’
( ) (21) ---+p(wik)—k‘-—N__’ ‘,

TAe CHMBOAOM |A| 0603HaUY€HO YUCAO IA€MEHTOB KOHEUHOI'O MHOXKecCTBa A.



OmnpepeneHue 7.

TOBOPAT, YTO KCIIEPUMEHT YAOBAETBOPSIET KAACCUYECKOMY onpeodesneHuto BeposimHo-
cmu (MAM KAQCCUYECKOU BEPOSATHOCTHOM CXeMe), €CAU IIPOCTPAHCTBO SAEMEHTAPHBIX
HMCXOAOB COCTOUT M3 KOHEYHOTO 4HCAA 2| = N paBHOBO3MOJKHBIX MCXOAOB.
B sTOM CcAy4ae BepOSITHOCTH AIOOOTO COOBITHSI A BBIYUCASIETCS IO (pOpMyAe

Al
pa) = Al
Ha3bIBAEMOM K/accuyeckum onpeodesneHuem BeposmHocmu. ITa (POPMyAa UUTAETCS
TaK: «BEPOSITHOCTbL COOBITHMS A paBHa OTHOIIEHUIO YMCAA WCXOAOB, 6sa20npusm-

cmByrouwux coOBITHIO A, K OOIIeMy YUCAY UCXOAOBY.

3ameuanue 4. [Toae3HO TOMHUTE KAACCHYECKYIO (DOPMYAUPOBKY SIkoOa Bepryaau: «Be-
posmHocme ecms cmeneHb docmoBepHocmuU U OMAUYAEMCs OM HEe KaK Yacme Om Yesno2o»
(Ars Conjectandi, 1713 t.)

3aMmedyaHnue 5. MbI BUAUM TeIlepPh, UTO ITIOACUET BEPOSATHOCTHA B KAACCUUYECKOU CXeMe CBO-
AUTCS K TIOACUETY YHCAQ «IIIaHCOB» (3A€MEeHTapHBIX NCXOAOB), OAAQTONPUATCTBYIONIUX KAKOMY-
AUOO COOBITHIO, M OOIIEro YKMCAAQ IIAHCOB. Kak IIpaBUAO, 3TO AeAdeTCs C IIOMOIIBIO (POPMYyA
KOMOUHATOPHKH.

PaccmoTpum onucaHHBIe B naparpadge 1.1 ypHOBBIE cxeMbl. HamomMHUM, 4TO pedub HAET
00 m3BAedeHUU k IIapUKOB W3 YPHBI, COAepsKallled n 1MapuKoB. [Ipu 3TOM TpU CXEMBI: C
BO3BpallleHUeM U C YYETOM NOpPSIAKa, 0e3 BO3BpPAllleHUd U C YUYETOM IOPSIAKAE, a TakkKe 0e3
BO3BpallleHUsA U 6e3 ydeTa HNOPSIAKAa YAOBAETBOPSAIOT KAACCUUYECKOMY OINPEAEAeHUI0 BeposiT-
HOocTu. OOIlee YUCAO 3AeMEeHTaPHBIX UCXOAOB B 3TUX CXeMaX MOACUMTAHO B Teopemax 4, 2,
3 u paBHO, cooTBeTcTBeHHO, n¥, Ak CF,

YeTBepTasa ke cxeMa — CXeMa BhIOOpa C BO3BpallleHHeM U 0e3 ydeTa IMOpSIAKa — HMeeT
3aBEeAOMO HEepPaBHOBO3IMOXMCHbIE NCXOABL.

ITpumep 5. PaccMoTpuM, CKakeM, BHIOOP ABYX IIaPUKOB M3 ABYX MAU, YTO TO JK€ CAMOE,
ABa’KABI TOAOPOCUM MOHeTY. ECAM yUHUTHIBATH ITOPSAAOK, TO UCXOAOB IIOAYYHUTCSI 4, M BCe OHU
PaBHOBO3MOJKHEI, TO €CTh UMEIOT BEpPOSITHOCTD 1o 1/4:

(rep0,repb), (peuika,peuika), (pewka,repb), (repo,pewxa).

EcAu mOpSAAOK He YUMTHIBATh, TO CAEAYET OOBSIBUTH ABa IMMOCAEAHUX MCXOAA OAHUM U TEM
Ke pe3yAbTaTOM 3KCIEPUMEHTa, M MOAYYUTH TPU MCXOAA BMECTO YeThIpeX: BBIIAAO

gBa repba, Aubo gse peulku, AUOO OguH repb u OgHA peulka.

[Tpu sTOM mIepBBHIe ABa MCXOAA MMEIOT BEPOATHOCTL 1/4, a MOCAeAHWN — BEPOSATHOCTH
1/74+1/4=1/2.

Vopaxnenue 4. TlocuuTaThb UMCAO BDAEMEHTApPHBIX MCXOAOB B IipuMepe 2 (pu mopOpa-
CBIBAHUM ABYX UI'DAABHBIX KOCTel). Kakum cTaHeT IPOCTPAHCTBO 3AE€MEHTApHBIX MCXOAOB,
€CAU TIOPSIAOK KOCTeM He YUYUTHIBaThb? [locumTaTh YMCAO 3AEMEHTapHBIX MCXOAOB B TaKOM
IIPOCTPAHCTBE (IOAB3YICH TEOPEMOM & MAU IIPAMBIM IOACYETOM). YOEAUTHCS, YTO MX POBHO
C? = 21. PaBHOBO3MOJKHBI AWl OTH UCXOABI? [10CUMTATh BEPOATHOCTH KaXKAOTO UCXOAQ.



T'unepreoMeTpuvecKoe pacmnpeAereHne

ITpumep 6.

W3 ypHBI, B KOTOPOM N1 OEABIX M m — nj YEePHBIX LIApOB, HayAaudy, Oe3
BO3BpallleHUsI BLIHMMAIOT k 11apoB, k < n. TepMUH «HayAauy» Oo3Hada- ni | n—m
€T, U4TO ITOSIBAEHME AT0O0TO Habopa u3 k I1apoB PaBHOBO3MOXKHO. Hantu [}

BEPOATHOCTH TOTO, YTO OyAEeT BHIOPAHO POBHO k1 OeAbIX U k — k1 4epHBIX ki | k—k
1IIapOB.

PeweHue 3amerum, urto npu ki > n; uAu k — k1 > n — n; UCKOMasi BEpPOSITHOCThH
paBHa 0, TaK KaK COOTBETCTBYIOLlee COOBITHE HEBO3MOXKHO. [lycTh k1 <ny u k—k; <n—ny.

PesyabTaTOM sKCIepuMeHTa SBASeTCS HaOop U3 k mapoB. [Ipu 3TOM MO>XKHO He YUHUTHI-
BaTb WAV YUYUTHIBATH MOPSAOK CAEAOBAHUS IIAPOB.

1. BriOop 6e3 yuera mopsipka. OOIlee YMCAO 3AEMEHTApHBIX HMCXOAOB €CTb YUCAO k-
SAEMEHTHBLIX OAMHOKECTB MHOJKECTBA, COCTOSIIEr0 U3 N 3AeMeHTOB, To ecTh || = CX (mo
TeopeMe J).

O6o3HaunM uepe3 A coObITHE, BEPOSITHOCTHL KOTOpOro tpebyercs Havtu. CoObrTHio A
OAAroIIPUATCTBYET MOSIBA€HHE A0OOTO Habopa, copeprkalllero k; OeAbIX 1MIapoB U k — k; dep-
HBIX. YHCAO OAQTONIPUATHEIX HCXOAOB PABHO IIPOU3BEAEHUIO (IIO TeopeMe 1) uncaa cnocoOoB
BBEIOPATH k1 OEABIX ITAaPOB M3 N U UMCAA CITOCOOOB BHIOPATh k — k1 YepHBIX ITAapOB M3 N — Ny

|A| = Cf;’} : Cﬁ:ﬁll. BeposTHOCTE cOOBITHS A paBHa

chy ok
P(4) = = (1

2. BrIOODp ¢ yueToM nopspka. OOIIee 4uCAO IAeMEHTAPHBIX HCXOAOB €CTh YHCAO CIIOCOOO0B
pasMecTUTh n d9AeMeHTOB Ha k Mectax: |Q| = A¥ =n(n —1)...(n —k +1) (10 Teopeme 2).

[Npu noacdeTe 4yrcAa OAQTONPUATHBIX MCXOAOB HYJKHO YYeCTb KaK YHCAO CIIOCOOOB BHI-
OpaTh Hy’)KHOE YHCAO IIapOB, TaK ¥ YUCAO CIIOCOOOB PACHOAOKUTL TH IIaphbl cpepn k. Moxk-
HO, CKa’keM, IMOCUYUTATh YMCAO CIIOCOOOB BHIOPATH k1 MeCT cpeau k (paBHOe C,fl), 3aTeM YUCAO
CcI0COO0B pa3MeCTUTh Ha 3TUX k1 MecCTax n OeABIX I1apoB (paBHOE A’fbll — He 3a0BIBaMTe IPO
y4eT HopsiAKal), ¥ 3aTeM YHCAO CIIOCOOOB pa3MeCTUTh Ha OCTaBIIUXCS k — k; MecTax m — nj

YepHBIX IIapOB (paBHOE Afl:]flll). [TepeMHOXXUB (HO4eMYy?) 3THU UYUCAQ, TOAYIUM

ki pki . pAk—F1 k1 . ok—F1
:Ck Am A :Cm C

n—ni n—ni
Ak

k
n Cn

Al = Gt An - AL P()

n—mi’

B paccmoTpeHHOM 3apade MBI COIIOCTAaBUAM Ka’KAOMY Habopy u3 k; O0eAblx U k—kj 4epHBIX
IIaPOB BEPOSATHOCTH MOAYUYUTH 3TOT HAOOp IpPU BHIOOpPEe k IIApOB U3 YPHBI, COAEpKalllel nq
OEABIX U 1 — M YEePHBIX IapoB:

k k—k
oy Ch-Chhs
Cy
Chi.cr
Omnpepenenne 8. CooteerctBue ki — P(A) = % UAU CAEAYIOIIUN HAaGOP
n
BEPOSATHOCTEN
Chr.cr .
— rae 0 <k <min(k,n1), k—ki<n-—ng
n

Ha3BIBAETCSI eUNEP2EOMEMPUYECKUM PACNPEDENEHUEM.



Pa3pen 2. TeomMeTpuyecKasi BEpOSITHOCTD

2.1 Yro 3TO TAaKoe

PaccmorpuM Kakyro-HUOYAL obaacTb {2 B R™ (Ha mpsiMol, Ha
IIAOCKOCTH, B TPOCTPAHCTBE). [IpeannorokuM, UTO «Mepa» §) (AAU-
0 HQ, TIAOIIaAb, 0ObEM, COOTBETCTBEHHO) KOHeuHa. IlycTh caydami-

@ HBIM 3KCIIEPUMEHT COCTOMT B TOM, YTO MBI HayAauy OpocaeM B
9Ty 0OAACTb TOYKY. TepMHUH «HayAauy» 3A€Ch O3HAdaerT, YTO

BEPOSITHOCTH TIOTIAAQHUS TOUYKH B AFOOYIO 4acTh A C () He 3aBUCHUT OT (DOPMBI UAU PACIIOAOIKEe-

HUSA A BHyTPH (), @ 3@8BUCHUT AWIIL OT «MepbI» o0AracTu A (ecam A u3mMepuMmo, CM. 3aMedyaHue
6).

Omnpepenenne 9. OKCIepUMeHT YAOBAETBOPSIET YCAOBHUSAM «T€OMETPUYECKOTO OIIpeAeAe-
HUS BEPOSTHOCTU», €CAM €r0 UCXOABI MOXCHO M300pa3uTh TOUYKAMM HEKOTOPOM obaacTu () B
R™ Tak, 4TO BEpOSITHOCTL IIOMAAAHUS TOYKM B AIOOYIO 4acTb A C ) He 3aBUCHUT OT (DOPMEI
AW pacroroxkeHusi A BHyTpH (), @ 3@aBUCHUT AUIIL OT Mephl ooAacTu A (M, CAEAOBATEABHO,
IIPOIIOPILIMOHAABHA 3TOM Mepe):

P(-€ A)=—=, tAe wu(A) obosHauaer Mepy obractu A.
w

«Mepoii» MBI TOKa 6YAe€M Ha3bIBaTh AAUHY, IIAOIAAL, OOBEM U T.A,.
Ecam Anst TOUKH, OPOIIEHHON B OOAACTD (), BEIIOAHEHBI YCAOBUS T€OMETPUYEeCKOTro oIpe-
AEAEHUsT BEPOSITHOCTH, TO TOBOPSIT, YTO TOYKA paBHomMepHo pacnpedeseHa B obaacmu ).

ITpumep 7. Touka Haypauy Opocaercda Ha orpe3ok [0,1]. BeposATHOCTB TOUKe IIONACTH
B Touky {0.5} paBHa HyAIO, TaK KaK Mepa MHOJKECTBa, COCTOSIIEr0 M3 OAHOU TOYKH («AAH-
Ha TOUkW»), ectb 0. BmecTe ¢ Tem nomapanue B TOuky {0.5} He sIBASIETCS HEBO3MO’KHBIM
COOBITMEM — 3TO OAWH U3 3AE€MEHTAPHBIX UCXOAOB 3KCIEPUMEHTA.

2.2 3apaua o BCTpeue

ITpumep 8. ABa auma X um Y yCAOBHAUCH BCTPETUTBECI B ONPEAEAEHHOM MECTE MEKAY
ABYMS U TpeMs 4yacaMu AHS. [IpuilleAlnii mepBBIM JKAET APYTOro B TeueHuu 10 MUHYT, IIOCAe
yero yxopuT. YeMy paBHa BepPOSITHOCTb BCTPEUM 3TUX AWI], €CAW KaKABIM U3 HUX MOJXKET
IpUNTHU B AT0OOe BpeMd B TeueHHe YKa3aHHOTO Yaca He3aBHCUMO OT APYTOTO?

PeweHnue BypeMm cuuTaTh uHTepBaAa ¢ 14 po 15 wacoB paHsA oTpeskoM [0,1] armHOM
1 gac. IlycTb £ («kcu») m 1 («3Ta») — MOMeHTHI npuxopa X u Y (Ttoukm orpeska [0,1]).
Bce BO3MOJXHEIE pe3yABTATHEL 3KCIIEPUMEHTa — MHOYKECTBO TOYEK KBaApaTa CO CTOPOHOU 1:
Q={Emn): 0<£<1,0<n< 1} =10,1] x [0,1].

MO’KHO CYMTATh, YTO IKCIIEPUMEHT CBOAUTCS K OPOCAHUIO TOUKU
n Haypauy B KBappar. [Ipu 3TOM OAAQronpuATHBIMU HCXOAAMU
SBASIFOTCSE TOuku MHOKectBa A = {({,n) : £ —n| < 1/6} (10
MUHYT = 1/6 yaca). To ecTb IonapaHue B MHOKeCTBO A Haypaudy
OpOIIIeHHOM B KBaApaT TOYKM O3HadaeT, 4To X U Y BCTpeTaTcs.
Torpa BepOATHOCTE BCTpPEUYM paBHa

wA) _1-(3)° _n
w(©@ 1 36

1/6 Lo P(A) =

2.3 3apaua boddona

ITpumep 9. Ha mroCKOCTH HadyepyeHEBl NapasreAbHBIE INIPAMBIE, HAXOAALIWECS APYr OT
APpyra Ha pacctogHuU 2a. Ha maockocTh Haypauy OpollleHa WrAa AAUHBL 20 < 2a. KakoBa

10



BEPOATHOCTb TOTO, YTO UTAQ IIepecedueT OAHY M3 MPIMBIX ¢

P e w e Hue. TlotiMeM, 4TO O3HAUAET 3AECh «Haypauy OpoillleHa uraa». Bo3mMoskHbIe IIO-
AOJKEHHUSI UTABI (OTPe3Ka) Ha IIAOCKOCTH ITOAHOCTBIO ONPEAEASIOTCS ITOAOKEHUEM CePEeANHBI
UTABL U YTAOM TIOBOPOTA UTABI OTHOCUTEABHO KAKOTO-AMOO HampaBaeHHusd. [IpuueM ABe 3TuU
IlepeMeHHbIe (IOAOJKEeHMe IeHTpa U yIOA II0BOPOTa) MEHSIOTCS He3aBUCUMO APYT OT Apyra.

2a
l ‘2
x
a .
x=1-siny
0 T

2.4 TIlapapokc beprpaHa

O6o3nauum uyepe3 = € [0,a] paccTosiHHME OT CEPEAUHBI
WUTABL A0 OAVDKaMIIel mpsiMoi, a uepe3d ¢ € [0,7] —
YTOA MeXKAY KaKUM-TO HallpaBAeHHEM IPSMBIX U UTAOHU.
MHO>KeCTBO BO3MOXKHBIX IIOAOKEHUMN WIABI IIEANKOM
oIpeAeAseTcs BBIOOPOM Haypauy TOUKM U3 IPSAMOYTOAb-
Huka {2 = [0, 7] x [0, a].

Hraa nepecekaeT OAMIKAUINYIO IPSAMYIO, €CAU KOOPAU-
HaTbl BEIOPDAHHOM HAayAady TOYKH YAOBAETBODPSIOT Hepa-
BEHCTBY: z < [ -sin .

[Mhomapes obractu A C (), TOYKH KOTOPOU YAOBAETBODS-
IOT TAKOMY HEpPaBeHCTBY, paBHa

™

,u(A):/ [-singp dp =—1-cosp| =2l
0 0

U Tak kak p(€2) = am, TO UCKOMasi BepOSITHOCTH paBHA

p(4) = 2L,

aT

IIpumep 10 (Josef Bertrand, “Calcul des Probabilites”, 1888).
B Kpyre eAMHUYHOTO papryca HayAauyy BeIOMpaeTcs xopaa. KakoBa BepOSITHOCTH TOTO, UTO ee
MAMHA OypeT OOABIIE, Y4eM AAMHA CTOPOHBI BIMCAHHOTO B KPYT IIPABUABHOTO TPEYTOABHUKA ?

«P e weHuey. EcTb 10 KpaliHel Mepe TpU criocoba «BBEIOpATh HayAQdy XOPAY B Kpyre».

i

V

1. 3acdukcupyeM OpHY TOUKY (KOHEI XOPABI) Ha OKPY’KHOCTH

U BBIOEpeM HayAauy Ha OKPY’KHOCTU APYTYIO TOUKY (BTOPOM
KOHeIl XOpABL). 3aech 2 = [0,27], a GAQTONPUATHBIMU SIBASI-
IOTCSI IIOAOJKEHUSI BTOPOM TOYKK Ha MHTepBane [2m/3,47m/3]
(XOpABI, IIOMEYEHHBIEe Ha PUCYHKE KPACHBIM L[BieTOM). Be-

POSITHOCTB IIOAYYUTH «KAAMHHYIO» XOPAY PaBHa 3"

. CYH.[QCTBYGT POBHO OAHA XOpPAQ, AN KOTOpOfI AdHHAasA TOY-

Ka B Kpyre sIBASIeTCs cepeprHOi!. MOXKHO MO3TOMY BhI-

OUpaTh HayAQuy XOpAy, Opocass HayAauy TOUKY (CepepuHy
XOPABI) B KpyT. 3aech ) — Kpyr papuyca 1, u(2) = 7, a
OAQTONIPUATHBIMU SIBASIIOTCSI TIOAOKEHUSI CEPEAVHBI XOPABI
BHYTPU BIMCAHHOI'O B TPEYTOABHUK Kpyra (paauycom 1/2).
BepodaTHOCTE TOAYYHUTH «,A,AI/IHHYiO» XOpAY PaBHA OTHOIIIe-

HUIO TAOIIAAEN KPYyTOB, TO €CTb Z

1Kp0Me TOT'O CAy4Yad, KOraa 6pOH_IeHHa$I HaypAQdy TOYKaA IIOIIAAET B IIeHTP Kpyra. Ho IIOCKOABKY BePOSITHOCTBH
3TOTO COOBITUS PaBHA HYAIO, TO y4€T UAU HEey4deT TAaKOI'O COOBITHSI HE BAUSET Ha UTOTOBYIO BEPOATHOCTH
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3. HakoHel, MOXXHO OrpaHUYUTHECI PACCMOTPEHUEM TOABKO

N XOPA, HEPIEHAUKYAIPHBIX KAaKOMY-AN00 AUaMeTpy (OCTaAb-
HBIE MOTYT OBITH IIOAYYEHBI IOBOPOTOM). TO eCcTh dKCIiepu-

& MEeHT MOJKET COCTOSTh B BEIOOPE CEpeAUHBI XOPABI HayAauy
Ha pAMaMeTpe Kpyra — OTpe3Ke AMHOU 2. baaronpugaTHEIMU
ABASIOTCS TIOAOKEHMS CEPEAVHEI XOPABI Ha OTpPe3Ke AAMHOMN

4 / 1. MckoMasi BEpOSITHOCTh AAS TAKOTO 3KCIEPUMEHTa paBHa
1

5"

B yem mpuumHa pa3HUIBI B OTBETaX HA, Ka3aroCh OBl, OAMH U TOT >Xe Bompoc? Ha
caMoM Aeae POPMYAUPOBKA 3aAa4X He KOPPEKTHA C MaTeMaTUYeCKOU TOUKH 3peHusd. «Bribop
HayAauy XOPABL B Kpyre» MOXKeT OBITh NO-Pa3HOMY OIIMCAH C IIOMOIIBIO IeOMETPHUUYECKOIO
OTIpeAEAEeHUSI BEPOSITHOCTHU (UTO MBI M CA€AaAU). TO eCTb 3TOT «3KCIIEPUMEHT» MOYKHO TO-
pPasHOMY OIIMCATh C IMOMOIILIO BEIOOPA HaypAayy TOYKM B HEKOTOPOM OOAACTH.

CAOBO «3KCIIEPUMEHT» B34TO B KABBIUKM HE HAIIPACHO: CKA3aB «B Kpyre HayAauy BBIOU-
paeTcsa XopaAa», MBI ellle He ONHNCAaAM (PU3UYECKOTO IKCIIEPUMEHTa. AeUCTBUTEABHO, Ka&XKAOMY
U3 TpeX NPEeAAOSKEHHBIX CIIOCOOO0B BBEIOOpa XOpA MOJKHO CONOCTaBUTH KOHKPETHBHIN (pusuye-
CKUM 3KCIIEPUMEHT (BCAKUMI pa3 APYToOMu).

Tak 4To ImapapOKC MCUEe3aeT Cpaly, KaK TOABKO IIOAYYEeH OTBET Ha BOIIPOC: UTO 3HAUUT «B
KpyTre HayAauy BBIOMPAETCS XOopAa»?

3aKaHuYMBasA 00CYyKAEHHUE IIOHATUSA TeOMeTPUIeCKON BEPOATHOCTH, CAEAAeM OUYeHb BasKHOE
AAST AAABHEHIIIeTo 3aMedYaHue.

3ameyanue 6. Ecau pa’ke DKCIIEPUMEHT YAOBAETBOPSET reOMETPUUECKOMY OIIPEAEACHUIO
BEPOSITHOCTH, AGAEKO He AAST BceX MHOKeCTB A C () BEepOSITHOCTb MOKET OBITh BEIUYMCAEHA KakK
oTHouIeHue Mephl A K Mepe (2. [IpUYNHOM 3TOTO SIBASIETCS CYIIeCTBOBaHNE TaK Ha3bIBaeMbIX
«HEN3MEPUMBIX» MHOXXECTB, TO €CTb MHOJKeCTB, Mepa KOTOPBIX He CYIIeCTBYeT.

A ecAu He AAG BcexX MTOAMHOJKECTB () MBI MOJKEM OINPEAEAUTb WX BEPOSITHOCTH, CAEAY-
€T CY3UTh KAACC MHOJKECTB, Ha3bIBAE€MBIX «COOBITUSIMM», OCTaBHUB B 3TOM KAACCE TOABKO Te
MHO>XEeCTBa, A KOTOPBIX MBI MOJKEM OIIPEAEAUTH BEPOSTHOCTD.

B caepyromiet raaBe MBI 3aMeMCs IOCTPOEHUEM (Beaep 3a AuppeeM HukoaaeBuueM Koa-
MOTOPOBBIM) aKCMOMATHUKU TEOPUU BEPOSTHOCTEM: MO3HAKOMHUMCS C MOHATUAMM 0-aATeOphI
(AU TIOAST) COOBLITHM, BEPOSITHOCTHOM MEpHI, BEPOSITHOCTHOTO IMPOCTPAHCTBA, @ TakyKe AOKa-
XKeM cOpMyAUpOBaHHEIe B naparpadge 1.2 cBOMCTBa BEPOATHOCTH.
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Pa3pen 3. AKcmoMaTHKa TEOPUM BEPOSITHOCTEN

3.1 o-aaredpa coObITHI

IMycte ) — TPOCTPAHCTBO 3AEMEHTApPHBIX MCXOAOB HEKOTOPOTO CAYYaWHOTO JIKCIEepH-
MeHTa (TO eCcThb, BOOOIIle TOBOPS, MHO>KECTBO ITPOU3BOABHOU MIPUPOABI). MbI cobupaeMcs
OIpEeAEAUTh HAOOP MOAMHOKECTB {2, KOTOpEIe OYAYT Ha3bIBATHCS COOLITUSIMU, W 3aTEM 3aAATh
BEPOSAATHOCTh KaK (PYHKIWIO, OIPEAEAEHHYIO MOALKO Ha MHOXXeCTBe COOBITUM.

To ecTb COOBITHSIMU MBI OYAEM Ha3BIBATh HE Al0Oble TOAMHOSKECTBA (), a AMIIbL ITOAMHOKEe-
CTBa U3 HEKOTOPOTO «MHOJKeCTBa MOAMHOKecTB» F. Ilpu 3ToM HEOOXOAUMO I103a00TUTHCH,
YTOOBI 3TO MHO’KeCTBO J HOAMHOIKeCTB () OBIAO «3aMKHYTO» OTHOCHUTEABHO BBEAEHHBIX B
naparpade 1.2 ormepanui Hap COOBITUAMHU, TO €CTh UTOOBI OOBEAUHEHUE, IlepecedyeHne, AO-
IIOAHEeHVe COOBITHHN (TO ecThb 9AeMeHTOB J) CHOBa AaBaAO COOBITHE (TO eCThb dAeMeHT J).

Omnpeaenaenue 10. MmuoskectBo F, cocTosIlee n3 MOAMHOKECTB MHOKeCTBa {2 (He 00s-
3aTeAbHO Bcex!) HasbIBaeTCs o-asr2e6pol cobbimull, UAU o-an2ebpol nodmHoxcecmB ), ecan
BBIIIOAHEHBI CAEAYIOIIVE YCAOBUS:

(A1) Qe (0-anTeOpa COOBITHM COAEPFKUT AOCTOBEPHOE COOBITHE);

(A2) ecau A € F, o A € F (BMecTe C AIOOBIM COOBITHEM o-aArebpa COAEPIKUT
MIPOTUBOIIOAOKHOE COOBITHE);

oo
(A3) ecan Ay, Ag,...€F, 1o |JA €TF (BMecTe ¢ AFOOBIM KOHEUHBIM UAU CYETHBIM
i=1
HabOpOM COOBITHUM o-arTebpa COAEP)KUT UX OOBepAMHEHUe).

YcaoBug (Al) — (A3) 4acTo Ha3bIBAIOT «@KCUOMaMU 0 -aATeOphI».
[MTpoBepuM, 4TO 3TOrOo HabOpa aKCHMOM AOCTATOYHO AASL 3aMKHYTOCTH MHO’KecTBa J OTHO-
CUTEABHO APYTUX olepaluil Hap COOBITUSIMU.

Bmecmo nepBoi akcuomsl docmamoyHo npednosoxcumes, ymo F He nycmo, mo ecme cooep-
aHcum xoms 6ol 0OUH 37EMEHM.

CsoiicTBO 1. gedF (o-aarebpa cobbimull cogepXum HEBO3MOXXHOe cobblmue).
AokazareabcTBo. [To (A1), Q € F, Ho @ = Q\Q = Q € F B cuay (A2). O

CsoiucTBO 2. Ilpu Brinoanernuu (Al),(A2) cBoticmo (A3) 3kBuBaAeHMHO cBoucmBy (A4)

oo
(A4) ecau Ay, Ag,...€F, mo (A €TF (Bmecme c AI0OBIM KOHEUHBIM UAU CHEMHbIM
i=1
HabopoMm cobbumull o-aArebpa cogepKxum ux nepeceuenue).

AoOKa3aTeAbCTBO. AOKakeM, 4TO IIpU BHINOAHeHUU (Al),(A2) u3 (A3) caepyet (A4).

Ecau Ay, As,... € F, To mpu Bcex i = 1,2,... HO CBOHCTBY (A2) BhimoaHeHO A; € T.

oo
Torpa u3 (A3) caepyert, uto |J A; € F, u, o (A2), AOTIOAHEHHE K 3TOMY MHOYKECTBY TaK>Ke
i=1

0o oo 00
npunaprexut F, To ects | 4; € F. Ho, B cuny dpopmya aotictBerHoctH, |J A; = () 4;, 4TO
j j i=1

i=1 i=1
U T.A.

AOKa3aTeAbCTBO B OOPATHYIO CTOPOHY BBITASIAUT COBEPIIEHHO aHAAOTUYHO.
O

CsoiictBo 3. Ecau A,B €, mo A\B € 7.
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AokaszateabctBo. A\B = ANB € JF, Tak kak A € F, B € F, u o (A4) ux nepeceueHue
TOXKe TIPUHAAEKUT T, O

IMpumep 11. Tlycts Q = {1,2,3,4,5,6} — IpOoCTPaHCTBO d3A€MEHTAaPHBIX NCXOAOB (HAIIpU-
Mep, Ipu GPOCaHUU UTPAABHOTO KyOuka). Caepyroiiue HaGOPBI TOAMHOMKECTB () SIBASIOTCS
o-aArrebpamu (dokazame!):

1. F={Q, 0} ={{1,2,3,4,5,6}, 9} — mpuBuarbnas c-arredpa.
2. F={0,2 {1}, {1}} = {{1,2,3,4,5,6},2,{1},{2,3,4,5,6} }.

3. F={0,0,A,A} = {{1,2,3,4,5,6},2, A, A}, rAe A — IPOM3BOABHOE IIOAMHOXKECTBO ()
(B mpeabiayiieM npumepe A = {1}).

4, F — MHO>XeCTBO BceX IMOAMHOXecTB (2. Jokazams, umo ecau ) cocmoum u3 n 3/1emMeH-
moB, mo B mHoxcecmBe Bcex ezo nodmHoxcecmB poBHo 2" 31emeHmoB.

WTaK, MBI OIIPEAEAUAU CIIeIIMAaABHBIN KAACC J MOAMHOKECTB IIPOCTPAHCTBA 3IA€MeHTapHBIX
HUCXOAOB (), Ha3BaHHLIN 0-aATeOpOM COOBITUM, IpHUYeM MPUMEeHEeHHe CYEeTHOT'O YMCAa AIOOBIX
ollepaluy (Takux, Kak oObepUHeHUe, llepeceueHne, AOIIOAHeHNWe) K MHOJKeCTBaM u3 J CHOBa
AdeT MHO>KeCTBO u3 J (He BEIBOAMUT 3a PaMKHU 3TOro Kaacca). MHokectBa A € F MBI 1 Ha3Ba-
AU «COOBITUSIMUIY.

OmnpepeArM Telephb MOHATHE «BEPOSITHOCTI» KakK (DYHKITUH, OIIPEAEACHHON Ha MHOKECTBE
COOBITHH (TO eCcTb (PYHKIIMH, KOTOPas Ka’XKAOMY CO6b/MUI0 CTaBUT B COOTBETCTBHE UHCAO).
A YTOOBI YHTATEAIO Cpa3y CTaAO IIOHATHO, O 4eM IOMAET pedb, AOOABUM: BEPOSITHOCTH MBI
ONIPEAEAUM KaK HeompuuamesbHyto HOpmupoBaHHYyo mepy, 3apaHHYIO Ha o-aareOpe F moA-
MHOecCTB ().

3.2 BeposaTHOCTHh KaK HOPMHPOBaHHasI Mepa

Omnpeaenaenue 11.

IMycTsb ) — HeKoTOpOe MHOXeCTBO U J — c-aareOpa ero nopMHokecTs. DyHKUIUA
pw  F — R U {oco} HaswiBaercsi mepold Ha (£2,F), ecaum oHA YAOBAETBOPSIET
YCAOBUSIM:

(M1) Anst aro6oro mHOKecTBa A € F ero Mepa HeoTpurareabHa: u(A) > 0.

(M2) Aasg Aroboro cueTHOTO Habopa IOMapHO HeIlepeceKaloluxcs MHOXKEeCTB
Ay1,A9,As,... € F (To ecTh Takoro, uro A; N A; = & 1pu Bcex ¢ # j) Mepa

oo [e.e]
UxX o0bepAMHEeHUsd paBHa CyMMe UX Mep: [ U Al = Z w(A;)  («cyeTHas
i=1 i=1

AAAUTUBHOCTDY UAU «0-aAAUTHUBHOCTBY )

Nnaue TOBOPA, Mepa eCTb HeOTpHUullaTeAbHAsA, CYETHO-aAAUTHUBHAA q)YHKLH/IH MHO>XECTB.

Omnpepenenne 12. [lycte ! — HekoTOpoe MHOXXecTBO U J — o-aarebpa ero ImopMHO-
>)kecTB. Mepa p : F — R HaswiBaercs HopmupoBarHou, ecau p(f) = 1. Apyroe Ha3BaHue
HOPMHUPOBAHHOU MepHL — «BeposamHoCme» WAU «BepOsmHOCMHAA Mepay.

To ke camoe ere pa3 u HOApO6HOZ

14



Omnpeaenenue 13.

IMycTh {2 — IPOCTPAHCTBO dAEMEHTApPHBLIX UCXOAOB M J — o-aarebpa ero mopAMHO-
JKeCTB (coOwITHIl). BeposmHocmeto wam BeposmHocmHol mepod Ha (2, F) Ha3bIBa-
erca pyaknusa P : § — R, obraparonias CBOMCTBAMU:

(P1) Aas aroGoro cobvitusi A € F BBITOAHSETCSI HEPaBEHCTBO P(A) > 0;

(P2) Apst Aroboro cueTHoOro Habopa TIIONMAapPHO HECOBMECTHBIX  COOBITHUM

Ay, Ag, As, ... € F uMeeT MeCTO paBeHCTBO
[ee] [e.e]
 (0) - e
i=1 i=1
(P3) BepodaTHOCTbE AOCTOBEPHOTO COOBITHUS PaBHa €AMHUIIE: P(Q2) = 1.

CaortictBa (P1) — (P3) yacTo Ha3BIBAIOT «aKCMOMaMU BEPOSTHOCTUY.

Omnpepenenune 14. Tpotika (€2, F,P), B KoTOopoOii ) — NPOCTPAHCTBO IAEMEHTaPHLIX UC-
X0p0B, F — co-aarebpa ero moAMHOXecTB U P — BeposdaTHOCTHass Mepa Ha F, Ha3bIBaeTCsd

BepossmHocmHbIM npocmpaHcmBom.

AOKa}KeM CBOMICTBa BEpPOATHOCTH, BBITEKAIOIIXE M3 aKCUOM. BAeCB nB AaABHefILHeM IIOA

3HAKOM BEPOSITHOCTU IMOSIBASIIOTCS TOABKO COOBITUA!

0.

P(g)=0.

AokazareabcTBo. CobObitust A; = &, i = 1,2, ..., TOMapHO HECOBMECTHHI, U UX O0BEAU-

HeHMe eCThb TaKKe IIycToe MHOXecTBO. [lo akcuome (P2),

P(o) = Z P(4;) = Z P(2). OTO BO3MOJKHO TOABKO B cAydae P(@) = 0.
i=1 i=1

AAsT AFOOOTO KOHEYHO20 Habopa MOIIapHO HEeCOBMECTHBIX COOBITUM Af,...,A, € F umeer

MeCTO paB€HCTBO

P (O Ai> = Zn: P(A;).
=1 =1

AokazareabcTBO. [lycTh A; = & mipu AI0O6OM ¢ > n. BeposATHOCTH 3TWX COOBITHH, IO
IIPEABIAYIIEMY CBOMCTBY, paBHBEI HyAto. CoOwbrtTusg Ai,...,A,,d,0,d,d,... IOIapHO

HECOBMEeCTHBHI, H, 110 akcuome (P2),

n

P <O Ai> —P (G Ai> = i P(4;) =) P(4)).
i=1 =1 =1

i=1

P(A) = 1 — P(A).

AokaszaTeabcTtBO. A U A = ), u cobertusa A, A necoBmecTHBl. Ilo akcuome (P3) u

npeAbiAyinemMy cBoiictey, 1=P(Q)=P(A)+ P(A).
Ecau A C B, To P(B\A) =P(B) — P(A).

Aoka3zateabcTBo. B = AU (B\A), u co6eitus A, B\ A HecoBmecTHHL. [lo akcuome (P2),
P(B) =P(A) +P(B\A).
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Ecam A C B, To P(A) < P(B).
Aoka3zaTeAabcTBO. [0 mpepbipyIeMy cBOUCTBY, P(A) =

=P(B)—P(B\A) < P(B). ITocaea-
Hee HepaBeHCTBO caepyer u3 (P1l), T.xk. P(B\A) > 0.
5. 0<P(4) <L

Aoka3zateabcTtBo. P(4) > 0 no (P1), mw k. A C Q, TO O IPEABIAYIIEMY CBOHCTBY
P(A) <P(Q) =1
P(AuB) =P(A) +P(B) —P(AN B).

Aoka3zareabcTBo. AN B C B, noaromy P(B\(ANB)) =P(B) —P(AN B). Ho cobuitus A
u B\(A N B) HECOBMECTHEI, TO3TOMY

P(AUB) =P(A U B\(ANB)) = P(A) + P(B\(AN B)) = P(A) + P(B) — P(AN B).
7. P(AUB)<P(A)+P(B).

AoKka3aTeabcTBO. Cpa3y CAepyeT U3 IPEABIAYIEro CBOUCTBA U aKCUOMEL (P1).

n
P(AiU...UA,) < > P(A;). Jokazame memodom mamemamuyecKkol uHOYKYuU.
i=1

n

P(AJUA;U...UA,) =D P(A) = > P(AiNA4;) +
i=1 1<J
+ Y PANANA,) — .+ (-1)"TP(A N AN .. N A)

: (2)
1<j<m

AoKa3aTeAbCTBO. BOCIIOAB3yeMCSI METOAOM MaTeMaTUUYeCKOU WHAYKIIMUA. Ba3uc MHAYK-

IMU IpU n = 2 — CcBOUCTBO 6 BhIlIe. [TycTh cBOMCTBO 9 BepHO IIpu n = k—1. AoKaxkeM,
YTO TOTAA OHO BEepHO Hpu n = k.

k k—1 k—1 k—1
P(UlAz) :P(L_JlAi U Ak> :P<L_J1Ai>+P(Ak)—P<Akm U Ai) (3)

i=1
ITo npeAIONOKEHUIO UHAYKIUY, IIEPBOE CAQraeMoe B IIPaBOU 4acTH (3) paBHO

k—1 k—1
P( U A,-) => P(A)— D PAiNA4) +
=1 =1

1<i<j<k—1
+ D

PAiNA N Ay) — .+ (-1 2P(A N AyN...N A1) (4)
1<i<j<m<k—1

Brruutaemoe B mmpaBoi yactu (3) paBHO

k—1 k-1 k—1
P (Ak n U A,-) =P ( U (AmAk)> =D PANA)- Y
i=1 i=1 =1
Sy

P(AiNA;N AL NAL) —. ..+ (=) 2P(A1NAsn ... N A1 NAL). (5)
1<i<j<m<k—1

P(AiNAjNAg)+

1<i<j<k—1

lTodcmaBumes (4),(5) 8 (3) u doBecmu do KoHYa wae UHOYKYUU.
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IlpuBepeM mpuMep 33paud, B KOTOPOM HCIOAB30BAHME CBOMCTBA 9 — caMBI¥ IIPOCTOU
IIyTh PeIlleHus.

ITpumep 12. EcTb n muceM U n MOAIIMCAHHBIX KOHBEPTOB. [lMChbMa pacKAaABIBAIOTCSA B
KOHBePTHI Haypauy. HallTu BepOSATHOCTE TOTO, YTO XOT4 OBl OAHO MHCHMO IIONAAET B IPEAHA-
3HAUEHHBIN €My KOHBEPT U MIPEAEeA 3TON BEPOSTHOCTU IIPU 1 — OO.

PeweHnue Tlycts cobuiTue A;, i = 1,...,n 03HaAYaeT, YTO i-€ MUCHMO MMOTIAAO B CBOU
KOHBepT. Torapa

A = {xoms 6bl ogHO nuckmo nonagem B cBol koHBepm} = AjU...UA,.

U Tak Kak cobwurtus Aj, ..., A, COBMECTHEI, IPUAETCS UCIOAB30BaTh popmMyAy (2). HeTpyano
yOeAUThCS, 4TO

P(4;) = AT BCEX 1,
(n—2)! 1 L
P(A;NA;) = =
(4 j) ol n(n—1) AMSL BCEX 1 # j,
(n —3)! 1 .,
P(A,NA;NA,) = = ce e
(4 045 1 An) n! n(n—1)(n—2) AL BCEX 17 ] 7 m
1
n.
BeIUMCAMM KOAMYECTBO CAAraeMBIX B Ka’KAOU cyMMe B GopMyae (2). Hanpumep, B cym-
Me Z poBHO C3 cAaraeMbBIX — POBHO CTOABKO TPeX-3AeMEHTHBIX MHOKECTB MO’KHO
1<i<j<m<n

06pa3oBaTh M3 N IAEMEHTOB, U KaXAO€ TaKoe MHOJKECTBO {i,j,m} BCTpeYaeTcsi B MHAEKCAx
AAHHOM CYMMBI €AMHAKABI.

IlopcTaBasig BCce BEpOITHOCTU B POPMYAY (2), HOAYYHM:

1 1 1 1
P(AY=n.-——-C2?. —— 3. (=D =
(4) =n n Cn n(n—1)+0” nin—1)(n—2) +(=1 n!
1 1 1

Bovinucame pasnoxcerue e~ 8 psd Telinopa u y6edumescs, ymo P(A) — 1 —e™! npun — oo.

3.3 O OopenaeBCKoll c-aAareOpe u Mmepe Aedera

Chaepyromuii maparpad mpepHasHaYeH TOABKO AASL T€X, KTO He HCITyTAaACsl BCErO CKasaH-
HOTO BBIIIE U XOYeT IMO3HAKOMUTLCS C IOHATUIMU «o-a12e6pa 6openeBckux mHoxcecmBy u
amepa Jlebeza .

bopeaeBcKkas c-aAre6pa Ha HPSIMOM

ITpumep 13. [lycte 2 = R — BellecTBeHHas npsMas. PaccMoTpuM HEKOTOpPBIE HAOOPHI
MHO>KECTB, He ABAAIOIIUEeCs o-aAredpaMu, U YBUAUM, KaK UX MOJKHO AOIIOAHUTBL AO 0-aATeOp.

1. MuosxectBo A = {2, &, [0,1], {0}} = {R, @, [0,1], {0}} He ABAseTCS o-arreOpOM, Tak
Kak, Haupumep, [0, 1] = R\[0, 1] = (—o0,0)U(1,00) ¢ A. MUHUMaABHBIN HAOOP MHOKECTB,
copeprRamuil A 1 ABATIONINMNUCS o-aATeOpoM (MUHUMAABHASA 0-AATeOPA), TIOAYUUTCS, ECAU
BKAIOUHTH B HETO BCEBO3MOJKHBIE OOBEANHEHNS, [Tlepecede st U AOTIOAHEHUS] MHOJKECTB
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u3 A:
F={R, o, [0,1], {0}, (—o0,0)U(1,00), (0,1], (—o0,0]U(1,00), (—o0,0)U(0,00) }

Boaee TouHO, MuHUMAABHOU o-aArebpol, copeprKalne Habop MHOKeCTB A, Ha3bIBaeTCs
rmepecedyeHre BceX g-aATeOp, copeprkammx A.

2. HaiiTu MUHMMaABHYIO 0-aAre6py, copepxkamiyio A = {R, &, [0,1], {3}}

3. TTycTs MHOKeCTBO A IMOAMHOKECTB Bell]eCTBEHHOU IPsIMOM R cOCTOUT M3 BCEBO3MOIXK-
HBIX OTKPBLITBIX MHTEPBarOB (a,b), Tae a < b: A = {(a,b) : —0o < a < b < oo}.

(@) I'lpoBepuTth, uTo A HU B KOEM CAydYae He SIBAIETCS o-aAreopoii!

Yka3anue: npuBecmu npumephl gBAgUAMU MHOXecmB u3 A, gonoAHeHUsl K KOMODPHIM
He npuHagAexam A, npuBecmu npumephbl NAmMU MHOXecmB u3 A, Ar0bble 00beguHeHUs
KOmMOpBIX He npuHagiexam A.

(b) MuHuMaAbHasA o-aArebpa, copeprKalllas MHOXKeCTBO A BCceX MHTEPBAAOB Ha Bellle-
CTBEHHOM TIPSIMOM, Ha3bIBaeTcss 6opeseBckol o-anzebpol B R (Felix Edouard Justin
Emile Borel) u o603Hauaercst B uau B(R).

(c) TlepeuncamM HEKOTOpPBIE MHOJKECTBA Ha IMPSAMOU, copeprkaiuecs B B. TakoBHI Bce
NPUBBIYHBIE HAM MHO>XeCTBa. UTOOBI IIOAYYUTH MHO>KECTBO, HE COAepsKallleecd B
B, TpebyioTCcs cleljuarbHble IIOCTpoeHusA. VTak, MBI 3HaeM, UTO BCe MHTepPBaAbl Ha
IpsIMOY NIpHUHapAeXXaT B, u B — o-aareOpa.

e R npunadnexcum B. 3Ito cpasdy caepyer u3 cBouicTBa (Al) o-aareOpbl, HO MOXKET
OBITH AOKa3aHO MCXOAL U3 CBOUCTB (A2), (A3).

oo
AeﬂCTBI/ITeAbHO, R = U (—n,n). Tak Kak Bce 3Tu HUHTEPBAABL AeXXAaT B A a
n=1

A C B, To Bce 3TM HWHTepBaArbl mpuHaprekaT B. Ho B — o-aarebpa, moaTo-
My OHA COAEP)KUT CYETHOe OOBbepAMHEHHEe AIOOBIX CBOUX 3AEMEHTOB. IMosTomy
o0

R= U (-n,n) € B.

n=1
e Jlio6ol uimepBan Buda (a,b] ( uau [a,b), unu [a,b] ), 20e a < b, npuradnexcum B.

oo
AeNCTBUTEABHO, (CL, b] = ﬂ (a, b+ %), U TaK KaK BCe 5TH WMHTEPBAABL A€JKAT B B, To UX
n=1

CUeTHOe IlepeceyeHNe AOAJKHO II0 CBOUCTBY (A4) mpuHapAeKaTh B.

e Jllo6oe odHomoueyHoe nodmHoxcecmBo {b} C R npuradaexcum B.

AerictBurensHo, {b} = (a,b]\(a,b), a pa3HOCTb AByX MHO>XECTB U3 0-aAreOpBl CHOBA
IPUHAANEKUT o-aaredpe.

e AOKa’kWTe, U4TO, HAIIpUMeD, aobbie mHoxcecmBa Buda (ay,bi)U(az, ba) npuHadnexcum
B, mHoxcecmBo HamypaneHeix yuces N npunadnexcum B, mHoxiecmBo payuoHanbHbIx
yucen Q npuradnexcum B.

4. bopeaeBckasg c-aaredpa B R" cTpouTCs COBEpPIIEHHO TaK ke, Kak B R. OTo AOAXKHa
OBITb MUHUMAaAbHAs 0-aATe0pa, CoAeprKalliasi Bce MHOKECTBa BUAA (a1, b1) X ... X (ap,by)
(y’Xe He MHTepBaAbl, Kak B R, a «IpPIMOYTOABHUKM» B R? «Iapasrenenunepbi» B R3
U T.A.).
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Mepa Aebera

Korpa MBI TOBOPUAM O TEOMETPUYECKOU BEPOATHOCTU, MBI MCIIOAB30BAAM TEPMUH «Mepa
obractu A B R™», uMess BBUAY «AAMHY» Ha MPSIMOMN, «IIAOIIAAL» Ha IMAOCKOCTH, «O0BHEM» B
TPEeXMEepPHOM IIPOCTPAHCTBE. SBASIOTCS AU BCE 3TU (AAHHBI-IIAOIIAAU-OOBEMEBI» HACTOSIIHN-
MU MepaMH B CMBICAe olpepeAeHuss 117 Mebl pemiuM 3TOT BOIPOC AAS OPSIMOM, OCTaBASSA
TIAOCKOCTE ¥ TTPOCTPAHCTBO OOABIIIEN Pa3MEepPHOCTH YUTATEATO.

Ecsau Bam yxce pacxomesocs yumame dasswe, coobwaem: mepol Jlebeza B 3adaqyHuxkax u
YyyebHUKaxX Ha3bIBarom Kak pa3 «OAuUHY-naowadb-06vems, mak ymo Bce B nopsoke.

PaccMoTpuM BeljeCcTBEHHYIO IPAMYIO C 0-aATeOpOUd OOpEeAeBCKHUX MHOJKECTB. OJTa o-
anrebpa, MO OIpPEAEAEHUIO, eCTh HauMeHbIas o-aAredpa, copeprKalllas AIOObIe MHTEPBAaABI.
Anst Kakporo mHTepBaaa (a,b) C R gucao b — a Ha30BeM «AAMHOM WHTepBara (a,b)». Mel He
CTaHeM AOKAa3bIBaTh CAEAYIOIlee YTBep>KAeHUe:

AemmMa 1. CywiecmByem eguHCMBEHHAs Mepa (MO ecmb  HEOMpPUUAMEAbHAA U
o-aggumuBHas ¢ynkuyusi) A Ha (R,B), 3Hauenue komopol HA AHO6OM UHMEPBAAE PABHO €ro
gAuHe: )\((a, b)) = b — a. Oma mepa Ha3wiBaemcsi mepol Jlebeaa.

Imo ymBepicoerue sBasemcs canedcmBuem meopemosl Kapameodopu o npodoaxceHuu mepsi ¢
anzebpel Ha c-anzebpy, npumernumesnsHo k (R, B). Cm. A.H.Konmoropos, C.B.domun, @yHxyu-
oHanbHeil aHaaus wnn A.A.bopoBkoB, Teopus BeposmHocmed.

HTak, MBI OrpaHUYMAYU HAOOP COOBITHUM TOABKO MHOYXECTBAMHU M3 KaKOU-HUOYAb 0-aATeOphI
COOBITUN. MEI TOTPeOOBaAH, YTOOBI BEPOATHOCTE ObIAA PYHKIIUEN MO/T6KO Ha MHOKECTBE CO-
ooiTuii. [lokaskeM, UTO 3TO HEOOXOAUMO: IMOCTPOUM IIPUMep MHO>KECTBa Ha OTpe3Ke, Mepa
Aebera KOTOPOTO («AAWHA») MPOCTO He CYIIEeCTBYeT (MHOXXeCTBO Burann).

To ecme: ecau paccmompems 6pOCAHUE MOYKU Haydayy Ha ompe3oK, mo Bviyucaume Bepo-
AamHocme nonadanus moyku B ykasaHHoe mHoxcecmBo B coomBemcmBuu ¢ 2eomempuyeckol
BeposmHocmelo Henb3s. 3Hayum, 3mo MHOXECmBo Hesb3s cHumame COObLIMUEM — Mbl HE
ymeem Borqucaume e2o BeposmHocmes!

IIpnMmep 14. PaccMOTpUM OKPY’KHOCTb €AMHUYHOTO PAAUyca (PeaAbHO 3TO TOT JKe OTpe-
30K [0,27]). Bo3pmMeM Ar0GOe MppalMOHAaABHOE YKUCAO . ITOCKOABKY OHO HMPPAIMOHAABHO,
YHCAO N« He SBASIETCS IeABIM HU ITPU KaKOM ITeAoM 1 # 0 (TO eCcTb YMCAO 27na paBHO 2wk
AWML OPU 1 = k).

[TosTOMY €CAM B3STh NPOU3BOABHYIO TOUYKYy x € [0,27], TO €CThb TOUKYy Ha OKPYKHOCTH,
U [EepPeYrCAUTb BCe TOYKM, KOTOpPHIE IIOAYYAIOTCSI IIOBOPOTOM TOYKMU T HA YLOA 27Tnq, N =
+1,+2,..., To MBI HU pa3y He BEPHEMCHA B TOUYKY Z. T0YeK, IIOAYUYUBIIUXCA U3 TOUKU T Ta-
KMMU [IOBOPOTaMH, CYeTHOe 4uCA0. OOBepAVHUM UX B OAUH KAaacc. C AFOOOU APYTOM TOYKOU
OKPY’KHOCTU MOJKHO TOJKE€ CBS3aTh KAACC TOYEK, ITOAYYAIOIINXCSA U3 Hee MIOBOPOTOM Ha YTOA
2mno TpU KaKoOM-TO n € Z.

To ecmeb Bcs okpyxcHocme pazbuBaemcs Ha Kaaccel moyek. B kaxcdom knacce cuemHoe 4ucso
moyek, u Bce moyku B 00HOM Kaacce nosayyatomces opye u3 opyaa makumu noBopomamu. [lpusem
3Mu KAGCCbl HE NEPECEKAIOMCH.

MHoxecTBO Ap OIpPEAeAMM TaK: BO3bMEM M3 Ka’*KAOTO TAKOTO KAAacCa POBHO IIO OAHOM

Touke. [lycTb MHOXXeCTBO A, IIOAydYaeTCs IIOBOPOTOM BCeX TOYeK MHOXXecTBa Ag Ha yroa
2mna, n = +1,4+2,....

Tak kak Bce mouku 00HO20 KAGCCa MOXCHO noayyums, noBopayuBas A6YO U3 HUX HA Y20/

2mno, n = £1,4+2,..., a 8 mHoxwecmBe Ay co6parHo no 00HOU MoYKe U3 Kaxd0ozo Kaacca, mo
noBopa4uBas smo mHoxcecmBo, noay4um Bce moyKU OKPYICHOCMU.
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o
OueBupno, uto | J A, = [0,27]. [IpearrorokuM, 4TO AeberoBa Mepa (KAAMHA») MHOMKe-
n—=——oo

cTtBa Ap cyllecTByeT. 3aMeTHM, YTO TOTAQ BCe MHOXKeCTBa A, UMeIOT Ty >Ke Ae0eroBy Mepy,
TaK KakK MoAyueHbl U3 Ay moBoporoM. M Tak Kak BCe 3T MHO’KECTBA He IIepeCceKaroTCs, TO
Mepa UX OObeAWHEeHUsI paBHaA CyMMe UX Mep:

=M |J 4n]= D M) = D MAg) = oo

n=—oo n=—oo n=—oo

[ToAyueHHOE TIPOTUBOpEYMEe O3HAYaeT, YTO Ae0eroBa Mepa, AU AAWHA MHOXKecTBa Ay He cy-
wecmByem.

YnpaxcHenue: kakumu cBolcmBamu «Oaunbly (uau mepoi Jlebeza) moi BocnosnvzoBanuce 8 s3mom
npumepe?
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Pa3zpen 4. YcAaoBHasl BEPOSATHOCTb, HE3aBUCUMOCTD

4.1 YcaoBHas BepOSITHOCTh

ITpumep 15. KyOuxk nopbpachIBaeTcsl OAMH pa3. V3BecTHO, UTO BHIIAAO OOAee TpeX Od-
KoB. KakoBa IIpH 3TOM BEPOSTHOCTb TOTO, YTO BHIIIAAO YETHOE YHCAO OYKOB?

B AaHHOM CcAydYae IPOCTPAHCTBO 9AEMEHTApPHBIX NCXOAOB COCTOUT M3 TPeX PAaBHOBO3MOXK-
HBIX DAE€MEHTapHBIX UCXOA0B: () = {4,5,6}, u coOuITHiI0O A = {BBIIIAAO YETHOE YKUCAO OYKOB}
6aaronpusarcTByroT 2 n3 Hux: A = {4,6}. INoaromy P(A) = 2/3.

[MocMoTpuM Ha 3TOT BOIPOC C TOYKK 3PEHUS IIePBOHAYAABHOTO JSKcIepuMeHTa. [Ipo-
CTPAHCTBO 3A€MEeHTapHBIX UCXOAOB IIPU OAHOM IIOAOPACBIBAHUM KyOMKa COCTOHUT U3 IIECTHU
touek: = {1,2,3,4,5,6}. CaoBa «M3BECTHO, YTO BBIIIAAO OOAEe TpPeX OYKOB» O3HAYAIOT,
YTO B 9KCIIEPUMEHTe NMPOU30IIA0 coObiTe B = {4,5,6}. CaoBa «KakKoBa IIPU 3TOM BeEpO-
SITHOCTB TOTO, YTO BBINIAAO YE€THOE YKWCAO OYKOB?» O3HAYAIOT, YTO HAC MHTEpecyeT, B KaKOH
AOAE CAyYaeB IIPU OCYIIeCTBAeHUM B mpoucxopuT u A. BepoaTHOCTb cOOBITHS A, BEIYMCAEH-
HYIO B IIPEATIOAOKEHHUH, YTO HEUYTO O Pe3yAbTAaTe 3KCIIEPUMEHTA y’Ke M3BeCTHO (coObITHE B
IIPOU30IIAO), MBI OyAeM 0003HAYaTh 4yepe3 P(A‘B).

MBI XOTUM BBIYMCAUTH OTHOIIEHHE YKCAAd UCXOAOB, OAAronpusATCcTByOIUX A BHyTpu B
(To ecTb GAQrOIPUATCTBYIOIINX OAHOBpPeMeHHO A U B), K YUCAy UCXOAOB, OAQTOIIPUATCTBYIO-
mux B.

2 _2/6 P(ANB)

PUIB) =5 =3/ = “p(B)

Kakoe omHoweHue mpebyemcs Bolducaume, €cau 3/1eMeH-
mapHbie ucxoobl He ABagtomcs paBHoBO3MONCHbIMU?

Omnpeaenenne 15. YCAOBHOU BEpPOSTHOCTBIO COOBITUSI A, TPU YCAOBUH, UTO IIPOM3BOIIAO
coObITHE B, Ha3bIBAETCSI YUCAO

P(AN B)

PAIB) = =5

ByaeM cY4HMTaTh, 9TO YCAOBHASI BEPOSTHOCTH OIIPEAEeAeHa TOABKO B caydae, Koraa P(B) > 0.

CAhepyrolriee CBOMCTBO Ha3bIBAETCS 'TEOPEMOU YMHOKEHUS "

Teopema 6. P(ANB) = P(B)P(A‘B) = P(A)P(B’A), ecAu coomBemcmByloujlile YCAOBHblE
BeposimHocmu onpegeAenbl (mo ecmb ecau P(B) > 0, P(A4) > 0).

Teopema yMHOXKeHUS AAST OOABIIIETO YMCAQ COOBITHM:

Teopema 7. P(Al NAsN... ﬂAn) = P(Al)P(AQ‘Al)P(AglAl ﬂAQ) SR P(An‘Al n... ﬂAn_l),
ecAu coomBemcmaByrOujue YCAOBHblE BEPOAIMHOCIMU ONpegeAeHbhDl.

Aokazame meopemy T memodom mamemamu4eckol UHOYKYUU.

4.2 He3aBuUCHUMOCTH

Omnpepenenne 16. Cob6bitTus A 1 B Ha3BIBAIOTCS He3aBUCUMbIMU, €CAU

P(AN B) =P(A)P(B).
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ITpumep 16.

1. Touka c KoopauHaTamu &,7 OpocaeTcsl HayAauy B KBaApaT cO CTOpoHOM 1. AoKa3zarh,
9TO AASI ATOOBIX 7,y € R cobbitust A = {{ <z} u B = {n < y} HE3aBUCUMEHI.

2. Toura c KooppauHaTamu &,7 OpocaeTcd Haypady B TPEYTrOABHUK C BepiuHamMu (1,0),
(0,0) u (0,1). AokasaTb, uro cobbitusgs A = {§ < 1/2} u B = {n < 1/2} 3aBUCUMEHI.

Ui my
1 1

D[ =

x 1

§ 1

: 3

1. Paccmorpum z,y € [0,1] (pazobpame ocmansneie caydau). Bupaum, uto P(A) = z,
P(B)=vy, P(ANB) =x -y, Tak uto cobbituss A = {{ <z} u B = {n < y} HE3aBUCUMBI.

2. Ha pucyske coObITHe A 3alITPUXOBAHO 3E€AEHBIM, COObITMe B — cuHUM. Buawm,
aro P(A) = 3/4, P(B) = 3/4, P(ANB) = 1/2 # (3/4)%, Tax urto cobutus A = {£ < 1/2} u
B = {n < 1/2} 3aBUCHMBHIL

Aokazame, umo npu x & [0,1] uauy & [0,1] cobeimus A = {£ < x} u B = {n < y} HezaBucumel.

3ameuanue 7. Ecau coObiTusi A 1 B HECOBMECTHBI, TO OHU HE3aBHUCHUMBI, €CAU U TOABKO
ecau P(A) =0 uam P(B) = 0.

Hokazamel!

CaepcrBue 2. Ecau P(B) > 0, mo coobimust A u B nesaucumbl <= P(A|B) =P(A).
Ecau P(A) > 0, mo cobbumust A u B nesaBucumpt <= P(B|A) = P(B).

Hokazame caedcmBue, nosv3ysce onpedeseHuem ycaoBHol BeposmHocmu.

AemMa 2. Ecau cobbimuss A u B He3aBucumbl, mo He3aBUCUMBL u cobwbmusi A u B,
AuB, Au B.

Aoka3zaTeabcTBO. Tak Kak A = AﬂBUAﬂF, u cobbrtuss ANB u ANB HECOBMECTHH,
to P(A) = P(ANB) + P(éﬂ?). IMostomy P(ANB) = P(A) — P(ANB) = P(A) — P(A)P(B) =
P(4)(1—-P(B)) = P(A)P(B).

BoiBecmu omctoda Bce ocmansHbie ymBeprcoeHus. O

Omnpepenenne 17. CoObiTus Ay, ..., A, Ha3bIBalOTCS He3aBucumoeimu B coBokynHocmu, ec-
AU AAS AFOOOTO Habopa 1 < i1,...,0 <N

3ameuanue 8. Ecau cobwrtus Aj, ..., A, He3aBUCUMBI B COBOKYITHOCTH, TO OHM IIOIIapHO
HE3aBUCHUMEBI, TO €CTh AIOOBIe ABa coObITHSA A;, A; He3aBUCUMBI. AOCTATOUYHO B paBeHCTBe (6)
B34Thb k = 2. OOpaTHOe, KaK IIOKa3bIBAET CAEAYIOIIUM IIPUMED, HEBEPHO.

ITpumep 17 (IIpumep C. H. BepHinTeriHa).

PaccMoTpuM TpaBUABHBIM TeTpa’sAp, 3 TPaHM KOTOPOTO OKpAaIlleHBI, COOTBETCTBEHHO, B
KPAacCHBINM, CUHUY, 3€A€HBIN IIBETa, a YeTBepTas IpaHb COAEP)XUT Bce Tpu 1iBeta. CobniTue A
(B, () o3HauaeT, 4TO BHITIaAA TPaHb, COAePIKalllas KPAaCHBIM (CMHUH, 3eAeHBIN) IBeTa.

BepogaTHOCTb Ka*kKAOTO M3 3TUX COOBITMY paBHA 1/2, TaK KaK Ka>XABIM IIBET eCTh Ha ABYX
rpaHsax ¥3 4YeTblpeX. BeposATHOCTL mepeceueHusi AIOOBIX ABYX M3 HHUX paBHa 1/4, Tak Kak
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TOABKO OAHA I'DaHb COAEPIKHT ABa IjBeTa. A Tak Kak 1/4 =1/2-1/2, To Bce coOBITHS TIOIAPHO
He3aBUCHUMBEL.

Ho BepoaTHOCTE IlepeceueHusI BCeX Tpex TO’Ke paBHa 1/4, a He 1/8, To ecTb cOOBITHA He
SIBASIOTCSI HE3aBUCUMBIMU B COBOKYITHOCTH.

3aMeTbTe, YTO PaBEeHCTBO (6) BHIIOAHEHO AAST kK = 2, HO He BBIIOAHEHO AT k = 3.

4.3 dopmyaa MOAHON BEPOSITHOCTHU

ITpumep 18. EcThk 3 3aBOAQ, IPOM3BOAAILINX OAHY U Ty JKe IIpoAyKnuto. [Ipu sTom 1-11 3a-
BOA, ITPOU3BOAUT 25%, 2-11 3aBoA — 35% u 3-U 3aBop, — 40% BcCel IPOM3BOAUMOM IIPOAYKIINU.
Bpak cocTaBasieT 5% OT npoayKIuu 1-ro 3aBopa, 3% OT IPOAYKIIMU 2-TO U 4% OT IPOAYKIIUU
3-r0 3aBOAA.

Bcga npopykius CcMelMBaeTCsd U IIOCTYIIaeT B IIPOoAaKy. HalTu a) BepOsSTHOCTH KYIIUTh
OpaKOBaHHOE U3AeAme; 0) YCAOBHYIO BEPOSATHOCTB TOT'O, YTO KyIIA€HHOE M3AEAVE U3TOTOBAE-
HO 1-M 3aBOAOM, €CAU BTO HU3AeAre OpaKOBaHHOe.

[lepBasg BepOATHOCTL paBHA AOAe OPAKOBAHHBIX U3AEAUM B OObeMe BCeU IIPOAYKIIMH, TO
ectb 0.05-0.2540.03-0.3540.04-0.4. Bropas BepOSITHOCTL pPaBHa AOAe Opaka 1-To 3aBopa cpeaun
Bcero Opaka, TO eCTb

0.05-0.25
0.05-0.25 + 0.03:0.35 + 0.04-0.4°

Onpepenaenne 18. HaOop momapHO HeCOBMeCTHBIX coObITuMM Hip, Hs,... TakKux, 4TO
o0

P(H;) > 0 ppst Bcex @ u | J H; = (), HasbBaeTcs nosHol epynnol cobeimul AU pa3bu-
i=1
eHuem npocmparHcmBa ).

CoOwrtusa Hy, Hy, ..., oOpa3symoliye IOAHYIO TPYIITY COOBITUM, YaCTO HA3BIBAIOT 2unomesa-
mu. TIpu TOAXOASIIIEM BBIOOPE THIIOTE3 AASI TPOU3BOABHOTO COOBITHS A MOTYT OBITH CPaBHU-
TEeABHO ITPOCTO BLIYUCAEHBI P(A|Hz~) (BEpPOSTHOCTL COOLITHIO A TPOU3OUTH MIPU BBHIITOAHEHUU
«runotesbl» H;) u cobctBeHHO P(H;) (BepOSITHOCTH BHIIOAHEHUs «Tunoresbl» H;). Kak, uc-
TTOAB3YS 3TU A@HHBIE, TOCYUTATh BEPOSATHOCTH COOLITHAS A?

Teopema 8 (Popmyra MOAHONM BEpPOSITHOCTH).

Ilycmp Hy, Hs,... — noanasa rpynna cobonunuu. Torga BeposamHocmb AH0OOOro coObl-
mus A MoXem Oblmb BbIUUCAEHA NO (PopMyAe:

P(A) = P(H;)P(A|H,).
=1

oo o0

AokazaTeAabcTBO. 3ameTuM, uTo A = ANQ = AN (U Hz> = |JAnN H;, u cobertus
i=1 i=1

ANH;,AN Hy,... IOIapHO HECOBMECTHHL. [l03TOMYy (MCIIOAB3yEM B IIEPBOM PaBEHCTBE O-

aAAUTHBHOCTD BEPOSITHOCTHOM MepHI (@ ymo 3mo?), a BO BTOPOM — TeOopeMy YMHOKEHUSI)

o0

P(A) = iP(AﬂHi) = P(H;)P(A|H;). O
=1

i=1
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4.4 ®opmyaa baiieca

Teopema 9 (Popmyaa baiieca).

Ilycmb Hy, Ho,... — noanas rpynna cobbimuii u A — HekKomopoe cobblmue NoAo-
JKumeAbHOU BepossmHocmu. Torga ycAOBHQA BepOAmMHOCMb MOro, 4WmMoO UMEAO Mecmo
cobrmue Hj, ecau B pe3yabmame 3KChepuMeHma HAOAGaAoCh cobbimue A, Moxxem
OblMb BBIYUCAEHA NO (pOpMYAE:

P(Hy)P(A|Hy)
>, P(Hi)P(A|H;)

P(Hy|A) =

AoKa3areabcTBO. [Io oIpepereHUIO YCAOBHOM BEPOSATHOCTH,

. P(HkﬂA) _ P(Hk)P(A‘Hk)
PULIA) = =5 ™ = 5% P )P

[TochrepHee paBEeHCTBO CAEAYET M3 TeOpeMbl YMHOXKEHUS 1 (POPMYABI TIOAHOM BEpPOSITHOCTH.
O

ITpumep 19. BepHemcsa K npuMepy 18. V3aeare BrIOUpaeTcsa HayAauy U3 BCeM TPOU3Be-
AEHHOM NIpOoAYKIMU. PaccMoTpuM Tpu runoreswl: H; = {M3peAre M3TOTOBAEHO i-M 3aBOAOM },
i =1,2,3. BeposiTHOCTH 3THX cOOBITHY AaHBL: P(H;) = 0.25, P(H2) = 0.35, P(H3) = 0.4. TycTb
A = {uspeare OKazar0Ch OPAKOBAHHBIM . A@HBI TaKXK€ YCAOBHBIE BEPOSITHOCTH P(A‘Hl) =
0.05, P(A|Hz2) = 0.03, P(A|Hs) = 0.04.

Y6edumecs, umo noayuerHsie Hamu Beposmruocmu 8 (a) u (6) coBnadarom ¢ BeposmHocms-
Mu, BblqucaeHHbIMU No ghopmysie noaHou BeposmHocmu u ghopmyne baiieca.

ITpumep 20. ABa cTpeAka HOAOPACHIBAIOT MOHETKY U BBIOMPAIOT, KTO U3 HUX CTPEASeT 110
MUIIeHU (OAHOU myAel). [lepBBIN CTpEAOK IONAAAeT IO MUIIEHU C BEPOATHOCTHIO 1, BTOpOU
ctperok — ¢ BepogaTHOCThIO 0.00001. Mo>XHO cAeAaTh ABa MPEAIIOAOKEHUS 00 dKCIIEpUMEH-
te: Hy = {ctpeaser 1-ii crperok} u He = {cTpeasier 2-i1 cTperok}. AmnpuopHbie (a'priori —
«AO OIIBITa») BEPOSITHOCTH 3TUX TUIIOTe3 OAMHAKOBEL P(Hp) = P(H2) =1/2.

PaccmoTpum co6eitTie A = {niyAs momnasa B MuilieHb}. M3BecTHO, 4TO

P(A|H1) =1, P(A|H3) = 0.00001.

[ToaTOMY BEpOSITHOCTH ITyA€ IONAacTh B MutieHb P(A) = 1/2-141/2-0.00001. ITpeanorosxuM,
yTo coObITHe A mpomsomino. KakoBa Tenephb anocTepuopHas (a'posteriori — «mocae ombl-
Ta») BEPOSATHOCTb Ka’KAOU M3 runoresd H;? OueBHAHO, YTO IIepBasg W3 3TUX TUIIOTE3 MHOTO
BeposiTHee BTOopoH (a uMmenHo, B 100000 pa3z). AeiCTBUTEABLHO,

1/21 B 1 .
1/2-1+1/2-0.00001 1+ 0.00001’

1/2-0.00001 0.00001
P(H|A) = — _

P(H.|A) = - _ ‘
1/2-1+1/2:0.00001 ~ 14 0.00001
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Pa3pen 5. Cxema bepHyaAn

5.1 PacrnipepeneHue yncAa yCIexXOB B 71 MCIIBITAHUSIX

Omnpepenenne 19. Cxemod bepHysau Ha3bIBAeTCS TTOCAEAOBATEABHOCTh HE3aBUCUMBIX KUC-
IBITAHUH, B Ka’KAOM M3 KOTOPBIX BO3MOJKHBI AWIIIH ABA MCXOAQ — (YCIIEX» U «HeyAada», IIpU
9TOM «yCIIeX» B OAHOM HCIBITAHHUU IIPOUCXOAUT C BEPOSTHOCTBIO p € [0, 1], «Heypaua» — C
BEPOSTHOCTHIO ¢ = 1 — p.

Teopema 10 (®Popmyara bepHyaan).

Ob6o3nauum uepe3 v, 4UCAO YCNeXOB B n ucnelmaHusax cxembl bepnyaru. Torga gas
Aroboro k=0,1,...,n

Plva =k)=Cp p* (1—p)" " =Cp pF " .

Aoka3zateabcTBo. Co6riTie A = {1, = k} O3HayaeT, UTO B N UCILITAHUAX CXeMbl bep-
HYAAU IIPOU3OIIAO POBHO k ycnexoB. PaccMOTpHUM OAMH U3 OAQTOIPUSATCTBYIOIIUX COOBITUIO
A sAeMeHTapHBIX UCXOAOB: (V, ¥, ..., ¥V, H, ..., H). 3AeCh OyKBaMu «y» U «H» 0003HAUYEHH,

—_—
k n—=k
COOTBETCTBEHHO, YCIEUIHBINM ¥ HEYAQUHBIM pPe3yAbTaThl UCHBITAHUU. [IOCKOABKY UCIBITAHUS
HEe3aBUCHMbBI, BEPOSITHOCTH TAKOTO SAEMEHTApPHOT'0 UCXOAA (IIepBble k WCHBITAaHUY 3aBepIln-
AMCD yCIIeXOM, OCTaAbHEIE Heypaueti) paBHa p* (1 — p)”_k.

Apyrue GAaronpuATCTBYIONINE COOBITUIO A dAeMeHTapHBIE MCXOABI OTAWYAIOTCS OT pac-
CMOTPEHHOTO BBIIIe AMIITL PACIOAOKEeHHeM k ycrexoB Ha n MecTax. EcTh poBHO CF croco6oB
PACIIOAOKUTE k yCIlexoB Ha n MecTax. I1oaTomy cobertue A coctomt u3 CF aneMeHTapHBIX
HCXOAOB, BEPOSITHOCTb Ka’KAOTO M3 KOTOPHLIX paBHa pF (1 — p)”_k.

O

Onpepeaenne 20. HaGop umcer {CF p* (1—p)" ¥ k =0,1,... ,n} Hasemaercsa Guromu-
aneHeIM pacnpedeneruem BeposmHocmel u o6o3Havaercsa B, , uau B(n, p).

5.2 HaubOoaee BeposITHOE YHUCAO YCIIEXOB

ITo popmyre Bepryarn, cobwiThe «IIpon30MIAO 0 yCIIEXOB B 1 UCHBITAHUIX» UMEET Be-
POSITHOCTE ¢", 1 ycrmex — BepoATHOCTL np¢" ' u T.o. Kakoe e 4MCAO yCIexoB Haubosee
Bepossim+o? VHaue roBops, IpU KakoM k AocTHraercs MakcumyM P (v, = k)?

UTOOGB! BBISICHUTE 3TO, cpaBHUM oTHouenue P(v, = k) u P(v, = k — 1) ¢ epunuMIei.

Plvw =k) n! (k—Dlin—k+1)! phg"*
Plvy =k—1) kl(n—k) n! pETgn—hFl
_(—k+lp_, (ook+lp | mptp—k
kq kq kq

Buanm, uto
(@ Pu,=k)>Pw,=k—1)upunp+p—%k>0, to ectb ipu k < np + p;
(b) P(vp,=k)<P(v,=k—1)npunp+p—k <0, To ecTb ipu k > np + p;

() P(v,=k)=P(v,=Fk—1) upu np+p—k =0, 4T0O BO3MOKHO AHIIb €CAH NP + p — IIeA0e
9HCAO.
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PaccvorpuMm aBa caydas: np+p € Z u np +p ¢ Z. B nepBoM caydae mycThb kg = np + p.
3 TOAyYeHHBIX BBINIIE HEPABEHCTB CPa3y CAEAYeT, U4TO

(a) (b)
< Plun=ko—2) < Pp=ho—1) & Py =ko) > Prn=ko+1) >
Bo BTOpOM cAydYae mycThb kg = [np + p] (Ileaast 4acTh 9YUCAQ np + p, TO €CTh HAUOOABIIIEE I[eA0e
YUCAO, He TIpeBocxoadIee np + p). V13 Hepasencts (a),(b) crepyert, uro

(@) (a) (b)
< Plp=ko—2) < Pop=ko—1) < Plun=ho) > Plvn="ho+1) >
AeticTBUTEeABHO, HepaBeHCTBO P(v, = ko) > P(v, = ko + 1), nHanpumep, caepayet us (b), mpu-
MEeHEeHHOTO AT k= ko + 1 > np+ p.

BuaAMM, 4TO B 3aBUCHMOCTHU OT TOTO, SIBASIETCSI UUCAO np -+ p IEABIM AU HET, UMeeTCsT AU6O
ABa PAaBHOBEPOSITHBIX «HAWOOAEE BEPOSITHBIX» YUCAQ YCIeX0oB kg = np+pu kg—1=np+p—1,
AMOO OAHO «HAMOOAEe BEPOSITHOE» YKCAO YCIeXOB ko = [np + pl.

CdopMyAnupyeM yiKe AOKA3aHHOE YTBEPKAECHUE B BUAE TEOPEMHEIL.

Teopema 11. B n ucneimanusx cxembl bepryaau ¢ BepoamHocmblo ycnexa p Hauboaee
BEPOAIMHBIM YUCAOM YCNEXOB ABASIeMCS

a) eguHcmBeHHOe qucAo ko = [np + p|, ecau uucao np + p He yeroe;

6) gBa uucaa kg =np+puky—1=np+p—1, ecau uucao np + p yeaoe.

VopaxHeHnue 5. PaccMoTpeTh rpadUK BepOSITHOCTEM OMHOMUAABHOTO paclpepAeAeHUs u
YBUAETH yTBEP)KAEHNE TeOpeMbl Ha Ipaduke.

Hamnpumep, aaa n = 30 u p = 0.2 Bepodar-
HOCTU HapHCOBaHBI CAEBA.

0.16

.52

0.08

0.04

o0 7T 224 26 789 1012131412716 717 1681920

IMpumep 21. Ecau p = ¢ = 1/2, TO IpU 4eTHOM YKUCAE UCIBITAHUIN N YUCAO np+p = n/2+
1/2 ¢ 7. — He 11leA0e, TaK UYTO HauOOAee BEPOSTHBIM SIBASIETCSI eAMHCTBEHHOE YHCAO YCIIEXOB
[n/2+41/2] = n/2. YTO COBEPIIEHHO OHATHO, TaK KaK €CTh HEYETHOE YHCAO BO3MOKHOCTEH —
noayunTs 0, 1,... ,n yCIIexoB, IpuYeM BEPOATHOCTHU MOAYUUTH k 1 n — k yCIIeXOB OAMHAKOBHI.

[Mpu HEYETHOM K€ YKMCAe UCIBITAHUM N 9UCAO np + p = n/2 + 1/2 € Z — 11eroe, Tak 4To
HanboAee BEPOSITHBIMU (M OAMHAKOBO BEPOSITHBIMU) SBASIFOTCS ABa YKMCAa yCIexoB n/2 + 1/2
un/2—1/2.

5.3 Howmep nepBoro ycnemiHoro MCHbITaHUS

PaccMmoTpuM cxeMy BepHYyAAM C BEPOATHOCTBIO yCIleXa p B OAHOM MCHBITaHUM. Mcmwbl-
TaHUS NPOBOAATCSA AO IIOIBAEHHS IIEPBOTO ycIlexa. BBepeM BeAWUYNHY 7, IPUHUMAIOIIYIO
sHavenus u3 {1,2,3,...}, paBHyIO HoMepy nepBo20 ycnewHoz2o ucnbiMaHus.

26


http://www.nsu.ru/mmf/tvims/chernova/PlotProb.html

Teopema 12. Beposmuocms moro, umo nepsblli ycnex npousoiigem B UCNAIMAHUU C HOMe-
pom k€ N={1,2,3,...}, pasna P(t = k) = p ¢* 1.

AoKkazaTteAabCcTBO. AeticTBuTeAbHO, P(T = k) =P(#, H, ..., H,Y) =p ¢" . O
k—1

Omnpepenenune 21. HabGop umcea {qu_l, k = 1,2,3,...} Ha3bIBaeTCsI 2eoMempuyeckum

pacnpedeneruem BeposmHocmel n obo3nadaercsi G, uru G(p).

FeomeTpudeckoe pacipepeAeHre BEepOSTHOCTEeN oOAapaeT MHTEePEeCHBIM CBOMCTBOM, KO-
TOpOe MO’KHO Ha3BaThb CBOWCTBOM «HeCcTapeHWs». [lycTb BeamumHa 7 000O3HAYaeT, CKakeM,
BpeMs 0e30TKa3HOM pabOTHl (M3MepsieMoe IIeABIM YHCAOM YacOB) HEKOTOPOI'O YCTPOMCTBA.
[TpeATIOAOKHM, UTO AASL BEAUYUHBI T BEPOSITHOCTDL IIPUHSATH AI0OOO€ CBOe 3HaueHHe k B TOY-
HocTu paBHa p ¢!, CrpaBepAHBO CAepyIoliee yTBepKAEHHe,

Teopema 13. ITycmb P(t1 = k) = p ¢*! gas awboro k € N. Torga gasi npousBoAbHbIX
n, k>0
P(r>n+k | T>n)=P(r > k).

AaHHOMY paBeHCTBY MOJKHO TPUAATH CAEAYIOIee 3By4YaHue: ecau u3BecmHo, 4mo ycmpod-
cmBo yoe npopabomano 6e3 omkasa n 4yacoB, mo BeposmHocms emy pabomams euje He MeHee
k wacoB mo4yHo makas e, Kak BeposmHocme npopabomame He meHee k yacoB 045 HOoBozo
ycmpodcmaBa.

MoO>KHO TpoYecThb 3Ty (DOPMYAY UM Tak: BeposmHocme pabomarousemy ycmpolcmBy npo-
pabomame ewe CKoMbKO-mo YacoB He 3aBucum om moz20 MomeHma, Koeda Mbl HaQ4asau omcyem
BpemeHu, uau om moeo, CKo/bKO yxce pabomaem ycmpolcmBo :-).

AoKa3aTeabcTBO. [Io ompepeneHNIO YCAOBHOM BEPOATHOCTH,

P(r>n+k1r>n) P(r>n+k)
P(r >n) ~ P(r>n)

P(r>n+k|7>n)= (7)
[TocaepHEE PABEHCTBO CAEAYET M3 TOrO, UTO coObiThe {7 > n + k} BAeuer coObiThe {7 > n},
TaK 4TO IlepecedyeHue 3TUX COOBITUU ecTh {7 > n + k}. HalipeM aast mpousBoAbHOTO m > 0
BEpOSTHOCTE P(T > m).

P(r>m) = i P(r=1i)= i pqifl:&:qm.

. . l—¢q

1=m-+1 1=m-+1
Moo makoce 3amemumes, ymo cobeimue {T > m} o3navaem, ymo B cxeme beprynau nepBeie
m ucneimarul 3a8epwunuce «Heyoayamus», a 3mo cobeimue umeem BeposmHOCMb KaK pas q™.

Bosepamasacs K (7), HoAydYuM

P(r>n+k) g+t
Pr>n+k|7>n)= (;(T:Z)):qq” =¢" =P(r > k). O

5.4 TIpuOAM’KeHUue runepreoMeTpuyeckoro pacipepeAeHus
OMHOMHAABHBIM

PaccMmoTpuM ypHY, copepskamiyro N mapoB, U3 KOTOPEIX K IIapoB — OeAble, a OCTaB-
mmeca N — K mapoB — d4YepHble. V3 ypHBI HaypAauy (06e3 BO3BpallleHUs1) BBEIOMPAIOTCI N
mapoB. BeposTHOCTB Py K (1, k) TOTO, 9TO GYAET BHIOPAHO POBHO Ak GEABIX U n — k YepHBIX
1I1IapOB, HAXOAUTCS IO POPMYyAe (CM. OIpepereHUe 8 rHmepreoMeTpUUECKOro paclipepereHUs

BEPOSATHOCTEMN):
Pl k) = S CXK
N
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EcAu 4ncAo MIapoOB B ypHE OYEHBb BEAUKO, TO U3BA€YEHHE OAHOTO, ABYX, TPEX IIapOB NOYTHU
He MeHseT IIPONOPINIO GeABIX U YepHBIX IIapOB B yPHE, TaK 4TO BepPOATHOCTH Py k(n, k) He
OYeHb OTAWYAIOTCS OT BEPOATHOCTEMN B IIPOIleAype BEIOOpPa ¢ Bo3BpaujeHuem:

P(moAy4uTh poBHO k GeAbIX IIApOB IIPU BEIOOPE 1 IIAPOB C BO3BPAIEHUEM) =

K k K n—k
“(x) (%)
N N
CdopMyAaupyeM U AOKa’KeM Hallly IIePBYIO IIPEAEABHYIO TEOPEMY.

Teopema 14. Echru N — oo u K — oo mak, umo K/N — p € (0,1), mo gas Awo0bix
¢guxcupoBaHublx n, 0 < k< n
Ci Cn'k

kook (1 — pyn—Fk
o — Crp® (1-p)

PNyK(n, k’) =

AOK&BGTGJ\LCTBO. Ham HOHaAO6ﬂTC9{ CAeAYIOIIe OIIpeAeneHre U CBOMCTBO.

Omnpepenenne 22. ['0BOpAT, UTO IIOCAEAOBATEABHOCTH G U b, aCUMITOTUYECKU 3KBHUBA-
A€HTHBI, U IUIIYT a, ~ b,, ecan
Qn
— — 1 npu n — oo.

bn
CaoiicTBO 4. CAegywmue nocaegoBameAbHOCIMU acuMnmomu4ieCKu 3KBUBAAEHIMHDL!

Kk
k
Ck ™~ 7

AoKa3aTeAbCTBO. AENCTBUTEABLHO, PACCMOTPUM OTHOIIIEHNE YAEHOB 3TUX ITOCAEAOBATEAD-
HOCTeHu

npu K — oo.

CF k! K! k! K(K-1)...(K-k+1)
KF TR (K k) KF KF — lmpu K = oo,
IIOCKOABKY IIpEAEeA IIPOU3BEAEHUS KOHEUHOr'0 4uCAa k IIOCAEAOBATEABHOCTEHN, CXOASIIUXCS K
1, paBeHn 1. Ul
N™ (N - K)~*

Caepcreue 3. CF ~ — npu N — oo, Cnh ~ npu N — K — oo.
n:

(n—k)!
Ynpaxaenue 6. Ilouemy N — K cTpeMuTcss K 06CKOHEUYHOCTH ?

Bocnoab3yemcsa Tenepb CBOMCTBOM 4 U CAEACTBHEM 3:

ch ok KR (N - K)nk pl

Py k) === ~ T m—n N
K* (N — K)v* K\"* K\"*
k2 YY) k2 B k. k(1 _ . \n—k
=Cn NF T Nk Cn <N> <1 N> = Gupt (d=p)

Mgl oayunan, uTo Py i (n, k) aCUMOTOTUYECKM 5KBUBAAEHTHO BBIPA’KEHUIO, CXOAAIIEMY-
ca x CF p* (1 — p)"* npu crpemaenvu N (u K B 3aBucUMOCTH OT N) K GECKOHEUHOCTH.
OcTanroch BCIIOMHUTH M AOKa3aTh CBOMCTBO:

CsoiictBO 5. [lycmsb a, ~ b, u cywiecmsByem lim b,. Torga cywjecmyem u lim a,, u smu
n—oo n—oo

npegeanl copnagarom: lim a, = lim b,.
n—oo n—oo

VnpaxHeHue 7. AoKa3aTb CBOMCTBO 9.

[To cBotictBy 5, mpu N — oo u K — oo Tak, uro K/N — p € (0,1), cyuiectByer
lim Py g (n,k) = CF pk (1 —p)n=*. O
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5.9 He3zaBucuMbie UCOBITAHUSA C HECKOABKHUMHU HCXOAAMHU

PaccmoTpuM caepyroniuii npuMep, KOTA@ U3 ABYX OUeHb IIOXOXXMX BOIIPOCOB Ha OAVH
MOJXHO OTBETUTH, IIOAB3YACH (DOPMYAOU DepHyAAH, a AAS APYTOro 3TOU (POPMYABI OKa3bIBa-
eTCsl HeAOCTATOYHO:

ITpumep 22. MrpanrbHas KOCTb TopOpackiBaeTcsd 15 pa3. HallTu BepOSTHOCTU CAEAYIOIIUX
COOBITUM:

a) BeITapeT poBHO 10 1tecTepok; ©6) BhITIAAET POBHO 10 MIEeCTEPOK U TPU €AUHUIIHL.

Pewewnue:

a) ectb 15 ucnbITaHUM cxeMbl BepHYAAU C BepOATHOCTHIO yciexa 1/6 (BbIllapeHUe Iie-
cTepku). BeposiTHOCTE AecsATH ycrexoB B 15 ncnbitanusx pasHa CpY (%)10 (1- %)5;

0) 3pech Ka’kpoe MCIBITaHHe MMeeT TPU, @ He ABa MCXOAAQ: BBIMIaAeHUe IIIeCTepKU, BhI-
MaAeHuEe eAVHUIIB], BHITAA€HWE OCTAABHBIX IPaHelM. BoCIoOAB30BaThCsd (DOPMYAOM AAS UMCAAQ
yCIIeXoB B cxeMe bepHyAAU He ypaeTcda — Iiepep HaMHU y>Ke He cxeMa bepHyAAH.

OcTtanrock u300pecTu POPMYAY AAS MOACUETA BEPOSATHOCTU KAa’KAOMY MCXOAY B HECKOAb-
KMX He3aBUCHMBIX HUCIBITAHUSAX BBIIACTH HY’KHOE YHCAO Pa3, €CAU B OAHOM HCIIBITAHUU BO3-
MOJXHO He ABa, a Ooaee MCXOAOB.

lTycmo B odHoM ucneimaruu BoamoxcHbl m ucxo00B8. O6osHayum ux yugpamu 1,2, ... m.
m

lTycme ucxod i B o0Hom ucneimaruu cay4aemcs ¢ Beposmuocmeo p;, 1 <i<m, ud p; = 1.
1

O6o3Haqum yepes P(ny, ... ,ny,) BeposmHocms mozo, 4mo Bn = ni+ ... +n,, He3aBucumeix

ucnoimaHusx ucxod 1 nosBuacs ny pas, ucxod 2 — ng pPas, ..., Ucxod m — n,, Pas.

Teopema 15. Aas awboro n u Awb6bIX ueablx ny = 0, ..., n, = 0 makux, umo
ni+...+ny, = n, BepHa popmyaa:

n! n
— 1 T
P(ny,...onm) = ———— pi" o o
ni:... Ny
AoOKa3aTeAbCTBO. PaccMOTpUM OAVH dAeMEHTapHBIM UCXOA, OAATONPUATCTBYIONIUN BHITIA-
AEHUIO N €AUHUI], Ny ABOEK, ..., Ty Pa3 m-oK:
(L...,1,2,...,2,... ,m,...,m).
—_—— —— ~————
ni no Nm

310 PE3YABbTAT N IKCIIEPUMEHTOB, KOI'Ad BCe HY>KHBbI€e NCXOABL IIOSIBUANCH B HEKOTOPOM 3apa-
Hee 3dAaHOM IIOopsAAKe. BepOﬂTHOCTb TAKOT'O pe3yAbTaTa N HEe3daBMCHUMBIX WCIILITaHUM PaBHaA

Pyt ppm.

Bce ocTarbHBIE OAArONPUSTHBIE MCXOABI OTAMYAIOTCS AHIIML PACIOAOKEHUEM UKCeA
1,2,...,m Ha n MecTaXx. UMCAO TAaKMX MCXOAOB PABHO UYHCAY CIIOCOOOB PAacCTaBUThL HA N
MecCTax ni €AWHUII, Ny ABOEK, ..., N,, YACEA m, TO eCTb
cn.cr2 - Ce N O = npoBepums, ymo 3mo mak! = L O

n n—nj n—ni—ng - °° n—mi—..—Nm—1 4 : ni ... nm'

Temneps MBI MOKeM BEPHYTHCA K IpuMepy 22(0) U BBEIIKNCATh OTBET: TaK KaK BEPOSATHOCTU
BBITTIAAEHUS IIIeCTEPKU U eAUHUIIHI paBHBI 1/6, a BEPOSATHOCTH TPETHETO UCXO0AA (BBIIIAAUM AIO-
Oble ApyTrHe rpaHy) paBHa 4/6, TO BEPOSITHOCTDH HOAYYHUTEH 10 mIecTepok, 3 eAMHUIIEL U elle 2
APYTUX OYKa paBHa

15! 1 1 /4\?
PQ0,3,2) = 153131 60 & <6) '
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5.6 Teopema Ilyaccona aArs cxemsl bepHyAAn

IIpearronokuM, HaM HY>KHA BEPOSITHOCTD IIOAYYUTH HE MeHee pAecaTu yciexoB B 1000 ncnsl-
TaHUM cxeMbl bepHyAAn ¢ BepodaTHOCTHIO ycnexa 0.003. BeposATHOCTE 3TOTO COOBITUSA PaBHA
AOOOMY U3 CAEAYIOIINX BBIPa’KeHUU:

1000 9
>~ Cfooo (0.003)F (0.997)19907F = 1 - "0 (0.003)" (0.997)1000F,
k=10 k=0

¥ BBIYMCAEHUWE AAKe OAHOTO CAAraeMoro B Ka’XKAOM M3 3TUX BBIpa)KeHWM BechbMa IpoOAeMa-
TUYHO.

CdopmyarpyeM TeopeMy O MTPUOAMIKEHHOM BBEIYUCAEHUH BEPOSTHOCTH KaKOT0-AMOO YuC-
Ad yCIEeXOB B OOABIIOM YHCA€ HCHBITAHUN CXeMbl BepHyAAM C ManeHBKOW BEpPOSITHOCTBHIO
ycmexa. TepMuH «BOABIIIOE YHMCAO» AOAJKEH O3HadaTb n — 00. ECAM MpU 3TOM p = p, 7 0,
TO, OYEBUAHO, BEPOSITHOCTD ITOAYUYUTH AI0O0O€ KOHEYHOE YHCAO YCIIeXOB IIPU PacCTyIeM YuC-
A€ WCHBITaHUU CTPEMUTCS K HyATo. Heob6xXoamMO dUTOOBI BEpPOSITHOCTH ycmexa p = p, — 0
OAHOBPEMEHHO C POCTOM YMCAA WUCHBITaHWN. HO OT UCHBITaHUSA K UCIBITAHUIO BEPOSITHOCTh
ycIexa MeHSIThCS He MOJKeT (CM. OIpeAeAeHue cXeMbl bepHyaan).

[TosTOMY PacCMOTPUM «CXEMY CEPHUii»: eCTh

OAHO HMCIIBITAHHE ©O C BEPOATHOCTBIO yCIieXa pi
ABdA HCIIBITAHUA o, O C BEPOATHOCTBIO yCIIeXa P2
7 ICOBITaHUH Oy ..., 0 C BepOSATHOCTBIO yCIIeXa pp

BeposamHocme ycnexa meHsemcs He BHympu O0OHOU cepuu uchelMmaHul, a om Cepuu K cepuu,
koeda meHsemcs obwee yucao ucneimarul. O603HAYUM Yepe3 v, 4ucao ycnexoB B n-i cepuu
ucnelmaHud.

Teopema 16 (Teopema IlyaccoHa).
Ilycmb n — 00, p, — 0 mak, umo np, — A > 0. Torga garsa Aroboro k > 0 BeposmHocImb NOAY-

yums k ycnexoB B N UCNBUNAHUAX CXeMbl BGPHYMU C BeposmHoOCmbio ycnexa p, cmpemumecs
)\k
K BeAuduHe ﬁ e

A

)\k
P(v, =k) = C’,’f pr (1 —pn)”_k — e

X npu n — oo,p, — 0 mak, umo np, — A > 0.

k

. n
Aoka3zaTreabcTBO. [lorokuMm A\, = n-p, — A > 0. Ilo cBOMCTBY 4, C,’,f ~ T npu purcu-
POBaHHOM k U Ipu n — 0o0. Toraa '

Ak An n—k k \k . n Ay —k Ak
Cﬁpi(l—pn)”‘k=05—"<l__> - IR (1—_> <1__> — e (®)

nk n IR n n k!
| !
e 1

) )" ]
B (8) MBI HCTIOAB30BaAH cBoiicTBa A — \F u <1 — ) — e} AoKakeM IOCAeAHee CBOIi-
n

CTBO:
A\ A A A2
ln<1——n> :nln(l——n):n<——n+0<—g))—>—/\.
n n n n
AAST AOKa3aTeAbCTBa TEOPEMBI OCTAaAOCh B (popMyAe (8) BOCIIOAB30BATHCS CBOMCTBOM 3. O
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Omnpepeaenune 23. [lycte A > 0 — HekoTopas nocrosinHas. Habop duncea

AE
{k, k=0,1,2,. }

HasbIBaeTcsi pacnpedesneruem [lyaccoHa ¢ napamempom \.

IToap3ysack Teopemolt 16, MOXHO IPUOAWKEHHO IIOCYMUTATH BEPOATHOCTH IIOAYYUTH HE
MeHee pecaTtu ycnexoB B 1000 ucnblTaHUM cxeMBl bepHyAAU ¢ BepoaTHOCTHIO ycrexa 0.003,
C BBIYUCAEHMS KOTOPOU MBI Hadaru. [Tockoabky n = 1000 «Beauko», a p, = 0.003 «Maro», TO,
B35IB A\ = np, = 3, MOKHO HaNMCaTb IPUOANKEHHOEe PaBEHCTBO

9 9

_ 3k < gk
1= Cloo (0:003)F (0.997)07F ~ 1% oe Z S et =
k=0 P =
= TabAMYHOE 3HaueHUe ﬁg(lO) ~ 0,001. (9)

OcTanoch pemIuTb, a AOCTaTOUYHO AU N = 103 «BeAmKoO», a pn = 0.003 «Maro», UTOOBI 3aMe-
3

A
HUTH TOUHYIO BEPOATHOCTDH P(v, = k) Ha NpubOAMIKeHHOe 3HaYeHUe T e~*. AASL 3TOTO HYKHO
YMETb OII€HUBATh PA3HUILY MeKAY 3TUMU ABYMS BEPOATHOCTIMU.

CAeAyIOIIYIO OUeHb IIOAe3HYIO TeOpeMy MBI AOKa’keM B KOHIe Kypca.

Teopema 17 (Teopema ITyaccoHa C OLIEHKOH IOTPEIIHOCTH).

IMycmb A C {0,1,2,...,n} — Npou3BoAbHOE MHOXECMBO UEAbIX HEOMPUUAMEAbHbIX
yucea, vV, — HUCAO YCNeXOB B M UCNbIMAHUAX cXeMbl bepHyAAu ¢ BeposimHOCMBIO
ycnexa p, A =n-p. Torga
e _ e A2
P(VnGA)—ZFG)‘ = ZCﬁpk(l—p)"k—ZHeA <np? =2
! ! n
keA keA keA

Takum oOpas3oM, TeopeMa 17 IpeAOCTaBASIET HAM BO3MOJKHOCTb CAMHUM peIlaTh, AOCTa-
TOUHO AU 7 «BEAMKO», & P «MaAO», PYKOBOACTBYSCH IIOAYUEHHON BEAWYMHOMN IOTPENIHOCTH.
KakoBa >xe morpemHocTs B popmyae (9)?

o0 3k 9 ) 3k
P(vi000 2 10) = ) 77 e =] (1= Clyo (0.003)% (0.997)1°°0F | — o e?| <
k=10 k=0 k=10
< np* = 0,009.
INorpemnocTts He 60aee 0,009 (nmpu BeposaTrHOcTH OKOoAO 0,001 :-) ). Bo BcAKOM cayuae,

MO>XKHO YTBEP’KAATh, UYTO UCKOMAasi BEPOSITHOCTh HUKAK He Ooasblre, ueM 0,01 =0,001+0,009.
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Pa3pen 6. ChayuaiviHble BEAMYWHBI M UX pPacIlpeAeAeHusd

6.1 ChayualiHble BEeAUYNHBI

MEI y>Ke BUAEAH, UTO AASL OUeHb MHOTMX 3KCIEPHMEHTOB HeT HMKAKUX Pa3AUYUM B IIOA-
cueTe BeposmHocmel COOBITHM, TOTAA KaK dAeMeHTapHble HUCXOABl B 3THX 3KCIIepUMeHTax
OYeHb paszandaroTcd. Ho Hac M AOAKHBI MHTEPECOBATh UMEHHO BEPOSATHOCTH COOBITHH, a He
CTPYKTYypa IIPOCTPAHCTBa 3A€MeHTapHBIX UCXOAO0B. [To3TOMy IIOpa BO BCeX TaKUX «IIOXOXKUX»
3KCIIEPUMEHTaX BMECTO CaMBIX PA3HBIX JAE€MEHTAPHBIX MCXOAOB HCIOAB30BAaTh, HAIIpUMeEp,
yrcAa. To eCTb BBECTU COOTBETCTBHE (MHa4e rOBOpPS, OTOOpPaskeHUe) MeXXAY dAeMeHTapHBIMU
HCXOAAMU U BellleCTBEHHBIMU YWCAAMU (C HUMU YAOOHO paboTarh).

[TycTh UMeeTCst CAYYaMHbIN 9KCIIEPUMEHT U 3aAaHO BEPOSITHOCTHOE IpocTpaHcTBo (2, F, P).

Omnpepeaenne 24. QOyukiug € : () — R Ha3bIBaeTca cayyaliHol BeauduHol, eCAU AAS ATO-
6oro = € R muokecTBO {¢ < 2} = {w : {(w) < z} gBASIETCS COOBITHEM, TO €CTh IPUHAANEIKUT
o-anrebpe cobbiTult F.

3ameyanue 9. YwuraTenb, He >KeAarOIUU 3a0KMBATH ceOe TOAOBY aOCTPAKIUSAMHU, CBSI3aH-
HBIMU C 0-aATebpaMu COOBITUYU U C U3MEPUMOCTBIO, MOXKET CMEAO CUUTaTh, YTO AI00Oe MHO-
KeCTBO 3AEMEHTapHBIX UCXOAOB €CTh COOBITHE, 1, CAEAOBATEABLHO, CAyUYaliHas BeAUUYMHA eCTh
npousBoasras pyakriusa u3 {2 B R. Hukakux HenpusaTHOCTeN Ha IPAKTUKE 3TO OOLIYHO He
BAEYeT, TaK YTO BCe AaAbHeNlIllee B 3TOM Iaparpade MOXKHO IIpOonyCTUTh. [loae3HO, TeM He
MeHee, IOMHUTD: Ka’KAQsd TaKad «yCTyIKa» cebe CYyIIeCTBEHHO CHUJKaeT BAallld aAAlITUBHEIE
CHOCOBHOCTU K >KU3HHU.

Omnpepeaenne 25. Byaem ropoputh, uto QyHKIUA € : ) — R saBageTcsa F-usmepumod, ecau
{w @ {(w) < 2} npunaprexxut F prs Aro6oro x € R.

Wrak, caydaliHas BeAMYMHA eCTh J-n3MepuMast (PyHKIMs, CTaBsAIas B COOTBETCTBUE KasK-
AOMY 3AEMEHTapHOMY HCXOAY w € 2 uncro &(w) € R.

IMpumep 23. TlopOpackiBaem 1 pa3 ky6uk. [Tycts Q = {1,2,3,4,5,6}, u ABe pyHKINU U3
2

2 B R 3apanbl Tak: €(w) =w, n(w)=w".
e Ecam F ecTh MHOKeCTBO Bcex TOAMHOXKeCTB (2, TO & M 1) ABASIOTCS CAYYaWHBIMU BEAU-
YPHAMH, TIOCKOABKY AIO00€ MHOJKECTBO SAEMEHTAaPHBIX UCXOAOB IPUHAANEKUT F, B TOM
grcre U {w : {(w) <z} uam {w : n(w) < z}. MOXXHO 3amucaTb COOTBETCTBUE MEKAY
3HAYEHUSIMU CAYYaMHBIX BEAUYHH & U 7) U BePOSITHOCTSIMU IPUHUMAThL 3TH 3HAUEHUS B
BUAE «TaOAMIIBI PACIPEAEAEHUs BEPOSITHOCTEN» HUAM, KOPOTKO, «TabAMIIBI pacIpeAene-

HUA»!

El 1| 23] 4| 5|6 n| 1t | 4] 9]16]|25]36
Plslslaslslals Plslslslaslsls
3peck + =P(E=1)=...=P(=6)=P(n=1)=...=P(n = 36).

e ITycTh o-arrebpa COOBITHIM J COCTOUT BCEro M3 YeThbIpeX MHOJKECTB:
F={9,2,{1,3,5},{2,4,6}},

TO eCThb COOBITMEM SIBASIETCS, KpOMe AOCTOBEPHOTO M HEBO3MOXKHOTO COOBITMU, BhIMa-
A€HUe YeTHOTO (COOTBETCTBEHHO, HEUETHOI'0) YMCAA OYKOB. YOepAuMCsi, 4YTO OpU Ta-
KOM «OepHOMNM» o-aaTeOpe HUM &, HU 1) He SBASIOTCA CAYUYaUHBIMM BEAWYMHAMH, TakK
Kak 3Tu (QyHKOuM He F-usmepumbl. Bosbmem (Hampumep) z = 3,967. Bumaum, uTO
{we : &w) <3967} ={1,2,3} ¢Fu{we : nw) <3967} ={1} ¢ 7.

Ynpaxcnenue. Onucame knacc Bcex @yHKYUL, UIMEPUMbIX OMHOCUMENbHO o -an2ebpebl
F={Q,2,{1,3,5},{2,4,6}}.
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e ITycTh 0-arreGpa cobbiTuil F ecTh TpUBHaAbHas o-aarebpa @ F = {Q, o}.

Hokazames, ymo £ u n He 6Basa0mca CAydaliHbimMu BeauduHaMU, MAK KaK 3mu GYHKYUU He
F-usmepumel.

Jokazams, umo usmepumel omHocumenoHo mpuBuaneHoU o-anzebpsl moasko gyHkyuu Buda
&(w) = ¢ (nocmosHHeie).

Temneps monpobyeM MOHATH, 3aUueM Hy’KHa F-U3MepUMOCTb U IIOUeMy TpebyeTcs, UYTOOBI
{w : &(w) < x} IBASIAOCH COOBITHEM.

Ecau 3apaHa caydaliHas BeAMUYHHA £, HAM MOJKET IOTPebOBAThCA BEIYMCAUTH BEPOITHOCTHU
tuna P(§ = 5) = P{w : {(w) = 5}, P(§ € [-3,7]), P(§ > 3,2), P(¢ < 0) (1 BOOOGIIEe camble pas-
Hble BEPOSTHOCTHU IIOIIAAQHUS B PA3AMYHBbIe MHOJXKECTBA Ha MIPAMOI). OTO BO3MOKHO TOABKO
€CAV MHOJKECTBQ, CTOSIIIIVE II0A 3HAKOM BEPOSTHOCTH, SBASIOTCS COOBITUSIMU (HAIIOMHIO, 9TO
BEPOSITHOCTb €CTh (PYHKIIUA U3 o-aaredbpnl coowiTuil B [0,1]).

Ho ecam nmorpebosath, uToObl A, = {w : £(w) < z} GBIAO COOBITHMEM IIPU AIOOOM , TO MBI
13 CBONCTB 0-aATeOpBI CPa3y HOAYUYUM, YTO

u Ay ={w : &w) =2} — cobuitre, u {w : 71 < &(w) < w2} = Ay, \ Ay, — cobBITHE,
u B, ={w : {(w) <z} = ﬂ A, 1 — cobuiTue,

n=1 "
u {w : &(w) =2} = B;\A; — cobbiTHe, (10)

U T.A., U T.II. (OIlepamuu nepecevyeHus, OObEAMHEHUs, AOTIOAHEHUs] COOBITUI He BBIBOAST U3
KAacca COOBITHM).

MoskHo noTpeboBaTh B ompepereHUM 24 yero-HUOYAL Apyroro. Hampumep, 4ToOBI co-
OBITHEeM OBIAO TTOTIAAAHHME B AFOOOM mMHTepBar: {w : &(w) € (a,b)} € F arst A0OBIX a < b.
Van utobbl {w : {(w) > x} OBIAO COOBITHEM AASL AIOGOTO x. AI0GOe TaKoe OIpeAeAeHHe
9KBUBAAEHTHO HCXOAHOMY.

3ameyanue 10. Te, KTO He MOAEHUACHA IPOUYECTb IPO OOPEAEBCKYIO 0-aAreOpy B pa3pene
3.3, MoryT cpOpMyAMPOBATh BCE HAIIM MNOTPEOHOCTU TaK: MBI XOTHM, YTOOBI ITOIapaHue & B
A1000e OopereBCKOe MHOXKECTBO SIBASIAOCH COOBITHEM. MBI MOTAU 3TO MOTPeOOBATh B OIIPEAe-
A€HUM, HO OTPAaHUYHUAUCH SKBUBAAEHTHBIM YCAOBHUEM, UTOOBI NTOIIaAaHUE B ATOOOU OTKPHBITHIN
UHTEepBaA (—o0,z) OBIAO COOBITHEM. OTU YCAOBHSI SKBUBAAEHTHHI, IOCKOABKY OOpeAeBCKast
o-aATeOpa MOPO’KAAETCSA MHTepBaAraMHM, 4TO MEI ellle pa3 IIoKa3aAu B opMyaax (10).

Onuniem Pa3AMYHEIE THUIIBL paCHpeAeAeHI/Iﬁ CAY‘I&IZHI:IX BEAWYMH. HOA pacnpeae/leHueM

CAY4YallHOU BEAWYMHBI MBI OyA€M IIOHUMATh COOTBETCTBUE

«3HAUYEeHUe CAY“IB.IZHOIZ BEAWYMHEBI <~ BEPOATHOCTL IIPUMHMUMATHE 3TO 3HA4e-

HUEe»,
An6O (uare)
«MHO>XeCTBO Ha IIPSAMOU <> BEPOSATHOCTH CAYUYaHOU BEAWYUHEe IIONAcCTh B

9TO MHOJXECTBO».
6.2 AuCKpeTHbIE paclpejAeAeHus:

Omnpepenenue 26. TOBOPSAT, YTO CAydYaiHasi BEeAMYMHA { UMeeT JUCKpemHoe paciipepese-
HUe, eCAU CYIIeCTBYeT KOHEUHBIN MAM CUETHBIM HaGop uucea {aj,as,...} TaKOH, 4TO:

a) pi =P(£ =a;) > 0 prst Beex i 6) S pi=1.
=1

To ecTb cayualiHas BeAWUUHA £ UMeeT ANCKPETHOe paclipepeAeHle, eCAU OHA IIPUHUMAET He
OoAee yeM CYeTHOe YUCAO 3HAUYeHUM.

Omnpepenenue 27. Ecau caydaliHas BeAWYHHA £ MMeeT AMCKPETHOe paclpepreAeHue, Ha-
30BeM mabauyel pacnpedeseHus COOTBETCTBUE a; < p;, KOTOPOEe Yallle BCEero PUCYIOT TaK:
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ITpuMepbl AMICKPETHBIX pacIpeAeAeHut

BeIposKAeHHOE paclpejpeAeHue.
F'oBopaT, 4To cAydaliHas BeAMYMHA & MMeeT BHIPDOJKAEHHOE paclipepeAeHue C llapaMerT-
poM a, m uiIyT £ € 1, ecAn £ IpUHUMAET eAUHCTBEHHOE 3HaueHHe ¢ C BePOITHOCTBIO
¢ a

1, To ectb P({ = a) = 1. Tabauiia pacupepereHus: £ UMEeT BUA P I

Pacnpepenrenue bepayaan.
FoBopsAT, uTO cAy4ariHasd BeAMYUHA £ MMeeT paclpepeAeHre BepHyAAu ¢ ITapaMeTpoM
p, ¥ namyT § € B, ecan { npunmMaer 3HadveHus 1 u 0 ¢ BepoaTHOCTAMH p U 1 —
p, cooTBeTCTBeHHO. CaydaliHasg BeAWUYMHA £ C TAKUM paclpepeAeHUeM paBHa Yucay
ycnexoB B o0Hom ucneimaruu cxemol bepuynau ¢ BeposmHocmeto ycnexa p (0 ycrexoB

¢ 0 |1

P ‘ 1—p ‘ P

uam 1 ycnex). Tabanuiia pacupepereHUs £ UMeeT BUA,

buHoMuanbHOE pacrpepeAeHue.
F'oBop4aT, uTo cAy4aiiHas BeAMdYuHa £ NMeeT OMHOMHAABHOE paclipepeAeHue C llapaMerT-
pamu n u p, TAe 0 < p < 1, mw mumyr £ € B, ,, ecan { npuHumaer 3Hadenns 0,1,... ,n ¢
BeposiTHOCTSIMU P(¢ = k) = CFp¥(1 — p)"~*. Cayuaiinas BeamunHa ¢ ¢ TaKMM pacrpepe-
AE€HUEeM UMeeT CMBICA Yuc/aa ycnexoB B n ucneimanusx cxemer beprynau ¢ BeposmHocmero
ycnexa p.

TabAuiia pacmpepereHus: £ UMeeT BHUA
¢ | 0 | 1 | ... | k | .|
P \ (1—p)" ‘ np(1 —p)"~! ‘ ‘ ChpF(1 —p)nF \ \ p"

T'eoMeTpnyecKoe pacrnpeAeneHue.
l'oBopAT, 4TO cAy4YallHasd BEAMYUHA T UMeeT TeOMeTpHUYEeCKOe pacIpejpeAeHue C Iapa-
metpoM p, TAe 0 < p < 1, mw mumyT 7 € Gy, ecAM T IPUHHUMAET 3HadeHus 1,2,3,...
c BepoarHocTamu P(r = k) = p(1 — p)¥~!. CayuaitHas BeAWYMHA T C TaKMM pacIipe-
AEAEHEeM UMeeT CMBICA Homepa nepBozo ycnewHozo ucneimaHus B cxeme bepryanu c
BeposamHocmeto ycnexa p.

1] 2 | ... | & |

Tabauna pacupepereHUs T UMeeT BUA ; ‘ » ‘ p(1—p) ‘ ‘ p(1 — p)kL ‘

Pacnpepenaenue Ilyaccona.
FoBopsT, uyTo cayuariHas BeAWdrHaA & UMeeT pacupepereHue [lyaccoHa ¢ mapamMeTpoMm A,

rae A > 0, u numyt ¢ € IIy, ecan ¢ npunumaer 3HadeHud 0,1,2,... ¢ BepOATHOCTIMU
Ak Y
o 1t | ... | k |
Tabauila pacapepereHus £ UMeeT BU e
IIa pacrpep § P I O EG_A

I'mnepreomeTpuyecKoe pacrpepeAeHue.
l'oBopAT, 4TO cAy4yaliHasg BeAWYMHA { UMeeT THIIepreOMeTpPHYEeCKOe paclipepeAeHue C

napametrpamu n, N u K, tae K<N, n<N, ecau £ OpuHUMAET IleAble 3HAUEHUS OT
Ck Cm—k
KYN-K
n
Cy
BeAMYMHA £ C TAKKMM PaclpeAeAeHrueM UMeeT CMBICA Yucaa 6eabix wapoB cpedu n wapos,

max{0, N—K—n} po min{n, K} c BepoarHoctamu P({ = k) = ChayuaitHas
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BvibparHbIX Haydayy u 6e3 Bo3BpauieHus u3 ypHol, codepxcaujeld K 6envix wapoB8 u N — K
He b6esnvix.

TaGAI/IIJ;Y paciipepeneHuda { YUTATEAb MOXET HapHUCOBATh CAMOCTOSATEABHO.

3aMeThLTe, UTO CO BCeMHU 3TUMU paciipepereHUsIMI MBI YoKe XOPOIIIO 3HAKOMBIL.

Ho pacmnpepenreHus cAydaiHBIX BEAWYUH AAAEKO He MCUEePIBIBAIOTCS AUCKPETHBIMU pac-
npepereHuaMH. Tak, HaIpuUMep, eCAM TOYKa OpocaeTcd Haypady Ha oTpe3ok [0,1], To MOKHO
33AaTh CAYYAMHYIO BEAWUYWHY, PAaBHYIO KOOpPAMHATE 3TOU TOYKU. HO 4MCAO 3HaYeHUM 3TOM
CAY4YallHOU BEAMYWHEBI HE CYETHO, TaK YTO €e pacClIpepeAeHHe AUCKPETHBIM He gBAsgeTcd. Aa
U BEPOSTHOCTH 3TOU CAyUYaWHOM BeAWUMHe NMPUHATH KaKAO€ M3 CBOMX BO3MOJKHBIX 3HAaUEHUU
(momacTe B TOYKY) paBHA HYAIO. Tak 4TO He TOABKO TaOAMIIA PAaCHpPEAEAEHUS He CYIeCTBYET,
HO M COOTBETCTBUE «3HaueHUEe BEAWUMHBI <+ BEPOSTHOCTL €r0 MPUHSTH» HUYEro He TOBOPUT
O pacCIpeAEAeHUU CAYYAaWHOMN BEAWYUHEL.

Kakumu ke XxapakTepUCTHUKaMU eIlle MOKHO OTIHCAaTh paclpeAereHne?
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Pazpen 7. (DyHKIUS paclpeAeAeHUs

3aMeTuM, 4To Ha TOM ke oTpe3ke [0,1] BepogTHOCTH NONapAaHUSA B MHOYKECTBA ITOAOKU-
TEeABHOUM MephI COBCeM He HyAeBhle. M TepMuH «Haypady» MBI KOTAQ-TO OMMCHIBAAM KakK pas
B TepMHUHAX BEPOSTHOCTEM ITONAapAaHUsS B MHOJKECTBA.

MoskeT OBITh, pa3yMHO ONMNCATh paclpepereHre CAYYalHOW BEAWYMHBI, 3aAaB AAS AIOOO-
TO MHOJKECTBa BEPOSTHOCTH MPUHATH 3HAUEHUS U3 3TOTO MHOKECTBa? IOTO AEWCTBUTEABHO
TIOAHAS XapaKTepu3alusa paclpepereHNs, HO YK OUeHb TPYAHO C Hel paboTaTbh — CAWIIIKOM
MHOTO MHOJKECTB Ha HIPSIMOIA.

Heap3a A 0OOUTHCH 3apaHUEM BEPOSTHOCTEU ITONIAAQHMSI B KaKOU-HUOYAb MEHBIIUU Ha-
O0p MHO>KeCTB Ha npsaMor? OKa3bIBaeTCs, YTO MOKHO OTPAHUUUTHCSI TOABKO BEPOSATHOCTIMU
MIOMIAAQHUST B MHTEPBAABI (—00, ) AAS BCeX = € R, ¢ TOMOIIBIO KOTOPBIX MOJKHO OYAET ompe-
AEAWTDH U BEPOSITHOCTDL IOMNAaCTh B AI060€ Apyroe MHO>KeCTBO.

3ameuanue 11. MOJKHO C TaKUM >Ke yCI€XOM OIPaHUYUTHCSI HAOOPOM BEPOSATHOCTEU I10-
IIAAQHUST B UHTEPBAABL (—00, x], UAM B (T,00), UAH B [x,00), AU B (21, z2). BrpoueMm, mocaea-
HUX y>XKe CAMIIKOM MHOTO.

Omnpeaenenue 28.

QyHkyueld pacnpedeneHus CAYYaMHOW BeAWYMHBI ¢ Ha3bIBaeTCd (QYHKIIUS
Fe(x) : R — [0, 1], mpu KaxkpoM = € R paBHas
Fe(z) =P(€ <z) =P{w: &(w) < z}.

ITpumep 24. CayuaiiHag BeAUMYHHa ¢ MMeeT BBIPOKAeHHOe pacupeperenue I.. Torpa
t Fe(z)

0, z<cg

Fe(x) =P <zx)=Plc<x) = L e

c x

INpumep 25. CayualiHasg BeAMuMHA { UMeeT pacnpeperenue bepuyaan B, Toraa

Fe(x)
0, z < 0;
1-p
Fe(z)=P(¢<2)=q1-p, 0<z<1
1, x> 1.

1 x

ITpumep 26. ByaeM roBopuTh, UTO CAy4YaliHasd BeAWUMHA £ UMeeT paBHOMeEpPHOe paclipe-
AeAeHMe Ha oTpeske [a,b] u mucath § € Uy, (“uniform”), ecan & — KoopauHaTa ToukH, Gpo-
IIIeHHON HayAauyy Ha OTPe30K [a,b] YMCAOBOM IpsIMOM. DTO pacIpeAeAreHue MOKHO 3aAaTh U
C IIOMOINBIO0 (DYHKIMU PaCIpeASACHUS:

Fe(x)
0, T < a; 1
T —a
Fela)=P(¢ <2)={ T a<a <
1, x>b
a b x

YopakHenue 8. IlocTpouTs rpadhuku MYHKIIUN paclipepereHusa A pacipepeaeHud [lyac-
COHAa, OMHOMMAABHOI'O M TeOMEeTPUYECKOr0 paclpepeAeHUsl.
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7.1 CsoiicTBa PyHKIUHU paclpereAeHus

Teopema 18.

Qynkyus pacnpegerenus Fe¢(x) obragaem caegyroujumMu cBolicmBamu:
F1) Qynkyusa pacnpegearenus F¢(x) He yobiBaem: ecau x1 < Tz, mo Fg(x1) < Fe(x2);

F2) Cywecmsyrom npegeast lim Fe(z) =0 u lim Fe(z) = L.

r—00

F3) @ynkyusa pacnpegerenus F¢(x) HenpepbiBHa cAeBa: Fe(xzo—0) =
hmx—mo—o Fé(x) = Fg(l‘o).

Aoka3zareabcTBo cBoricTBa (F1).
Ecau 21 < 29, TO {f < 1‘1} - {5 < .752}. [TosTomy Fg(ml) = P{g < :L‘l} < P{f < xg} = Fg(xg). ]

AoKka3zareabcTBO cBorcTBa (F2).

3amedanmue 12. Ecau psp, COCTaBAEHHBIM M3 HEOTPUIIATEABHBIX CAAraeMbIX a;, CXOAWT-

[o@) n
def .
Ccs, TO eCTh CYIIeCTByeT Z a; = lim § a; < 00, TO «XBOCT» Psipd CTPEMUTCS K HYAIO:
i=1 n—eo =1

lim Y a; = 0.

— h
n—oo i=n

3ameuanue 13. CymjectBoBanue npeperos B cBorictBax (F2), (F3) BeiTekaeT n3 MOHOTOH-

HOCTM ¥ OTPaHWYeHHOCTH QYHKIuM F¢(z). Tak 4YTO oOCTaeTcd AOKa3aTh pPaBeHCTBA
lim Fe(x) =0, lim Fe(x)=1u lim Fe(z) = Fe(xo).
T——00 T—00 x—2x0—0

3ameuanue 14. Ecam cyuiectByer lim f(x), TO AASL TPOM3BOABHON ITOCAEAOBATEABHOCTHU
r—a

{z,} Takowu, uTo x,, — a UMeeT MecTo paBeHCTBO lim f(x) = lim f(zy,).
r—00 n—oo
ITo 3ameuanuio 14, arg poKasaTeabcTBa lim Fe(r) = 0 AOCTATOYHO AOKa3aTh, dUTO
r——00
Fe¢(—n) — 0 mpu n — oo.
[MpeacTaBuM cobObiTHe {€ < —17} (HampuMep) Kak CYeTHOe OObeAMHEHHe COOBITHI:

{E< =17 =...U{-20< &< 19} U{-19<E< —18}U{-18< (< —1T) =
= J{-i-1<¢< i}
i=17
VcroAb3yst 0-aAAMTUBHOCTD BEPOSITHOCTH, U TTOMHs, 4To P{{ < —17} < 1, moayuum:

P{¢<—-17}=> P{-i—1<{<—i} <1, u nosamevanmo 12, » P{—i-1< < —i} —0.

=17 i=n

Ho
o0
> Plim1< &< —i} =P{g < —n} = Fe(-n),
1="n
M CXOAMMOCTB F¢(2) K HyAIO IPH & — —00 AOKa3aHa.
UToro: ecmo psod, cocmaBaerHeli u3 BeposmHocmed, Cymma KOmopozo moxce ecmos Beposim-

HOCcmb U, credoBamebHo, KOHeYHa. A uz mozo, Ymo psd cxodumcs, no samedaruro 12 Beimexkaem
cxodumocms «xBocmay pada k Hymo. Ocmasoce nocmompems Ha 3mom xBocm u ybedumscH,
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ymo oH paBeH Kak pa3 mol BeposMHOCMU, CXO0OUMOCMb K HYMO KOMOPOU HaM HYXCHO 00Ka3ame.
Touno mak xce dokaxcem u ocmasvHbie cBolicmBa.

ITo 3ameuanuio 14, AAS AOKA3aTeAbCTBa lim Fg(x) = 1 AOCTATOUYHO AOKa3aTh, UTO Fg(n) —

T—00

1 mpu n — oo, uAu 4T0 1 — F¢(n) =P({ > n) — 0.

[MpeacTaBuM cobGbiTre {€ > 11} (Hampumep :-) Kak CYeTHOe OObEAMHEHMe COOLITHI:

{ez1y={11<¢<2bu{l2<E<Bu{IB<E<4bu... = [ Jli<é<i+ 1}
=11

B cuny 0-apAAUTHUBHOCTU BEPOSITHOCTH,

o) o
P{¢>11} =) P{i<&<i+1} <1, m mosamesanmo 12, » P{i<{<i+1} —0.
i=11 i=n
Ho
o0
S Pli<E<it1} =P{{>n}=1-Fn),
i=n
U CXOAUMOCTE F¢(x) K eAMHHIE IPH & — 00 AOKa3aHa.
O

AoKkazareabcTBO cBorcTBa (F3).

1
Coraacno 3amMedanuio 14, AOCTATOYHO AOKA3aTh, 9YTO Fy <:U0 —— ] — Fg(xo) npu n — oo. Van,
n

YTO TO >Ke caMoe, AOKa3aTb, UTO
1 1 1
Fg(%‘o)—Fg xo—g ZP(€<.T())—P €<x0—ﬁ =P x0—5§§<x0 — 0. (11)
[MpeactaBuM cobGbiTHe {€ < 7o} Kak cueTHOe OOBeAMHEeHMe COOLITHI:
{§ <mo} =

1 1 1
= {f < xo—l}U{HZo—l <E< g — i}U{l'o— 5 <E< g — g}U{l’o —

Wl

= {¢ <zp-1} U U{xoiggqol}.

i=1

B CUAY 0-aAAMTHUBHOCTH BEPOSITHOCTHU,

P{§<:UQ}:P{§<$0—1}+;P{l‘o—%<§<:L‘0—i—}gl,

II09TOMY CHOBa

S Plug— - < ~— L.
v {wo ] SE<@ i+1} 0

LS 1 1 1
Ho > P {xo — =< €E<xg— —} = P{xo ——<é< .’L'(]}, U 3Ta BEPOSTHOCTh, KaK MBI
i=n 1 1+ 1 n
TOABKO UTO BHAEAM, CTPEMHUTCS K HYAIO ¢ poctoM n. Toraa, mo (11), Fg(x) — F¢(xo) mpu
r — 20—0 (HEeIpPepBIBHOCTL CAEBA).
O

Chaepytoiias TeopeMa 'oBOPUT O TOM, YTO TPU AOKA3aHHBIX CBOMCTBA ITIOAHOCTBIO OIIMCHIBA-
IOT KAACC PYHKIOUM pacnpepereHud. To, 4To AtoOasg PYHKIUSA PACIPEAEACHUS MU OOAQAQET,
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MBI C BaMU AOKa3aAW, a TeopeMa YTBEPIKAAET, YTO Ar00Oasg (PyHKIUI C TAKMMHU CBOMCTBAMU
ecTh (DYHKIUS paclpeAeAeHus.

Teopema 19. Ecau ¢pynkyus F : R — [0, 1] ygoBaemBopsiem cBoticmam (F1)—(F3), mo F
ecmb PyHKUUA pacnpegeAeHusi HEKOMopolu CAyuaUHOU BeAUuduHsl £, mo ecmb Haligemcsa Bepo-
samuocmuoe npocmpancmso (2, F, P) u cayuaiinas Beruuuna £ Ha smomM NPocCmMpaHCcmMBE, YUMO
F(z) = Fe(z).

Imy meopemy mer dokazeiBame He cmaHem. Xoms ee MO*CHO nonpo6oBams dokazame KOHCMPYKMuB-
HO — npedesBuB mo BeposmHocmHoe npocmparHcmBo (npowe Bcezo ompesok ) = [0,1] ¢ o-aneebpod
6openeBckux mHoxcecmB u mepol Jlebeza :-) u my cayyalnyo Beaudury, o cyuiecmBoBaHuu Komopslx
udem peyo. HenpemenHo nonpobyiime cdenams smo! Hanpumep, moxcHo nonpo6oBame, He nodolidem
aué(w) =sup{z : F(z) < w}.

ITpoune noae3Hble CBONCTBA (DYHKIIMI pacIpeAeAeHus:
F4) B ato6oit Touke xg pasHuna Fg(xo+0) — F¢(xo) paBHa P(§ = 20):
F§($0+0) — Fg(xo) = lierO Fg(aj) — Fg(a:o) = P({ = 1’0), UAU, Ha4e,
T—T0

Fe(zo+0) = lim Fe(x) = Fe(zo) + P(§ = x0) = P(§ < @o).

r—xo+0

Vopaxuenune 9. AoKakuTe caMM (TOYHO TakK ’Ke, Kak MbI pAoKaseiBaau (F2) u (F3)).

3ametum™, uTo pasHuNa F¢(r9+0) — F¢(xo) MeXAY IPeAeAOM IIPH CTPEMAEHUH K o CIIpaBa
U 3HaYEeHHEM B TOYKE r() €CTh BEeAMYMWHA CKayKa (PYHKIWUM pacIpeAeAeHHs, U paBHAa HYAIO,
ecar (DYHKIUSA paclipeAeAeHUs HellpephIBHA (CIIpaBa) B Touke xg. CAeBa, HAaIOMHIO, PYHKIUSA
pacipeAeAeHrs HellpephIBHA BCETAQ.

CJ\eACTBI/Ie 4. Ecau d)YHKLLLlﬂ pacnpegeaeHus Fg(.@) HenpepblBHA B IMOYKe x¢, MO

F5) Aast A1060M CAyJaHOM BEAMUYHHEI { UMeeT MeCcTO paBeHCTBO P(a < & < b) = F¢(b) — F¢(a).

Ecam e dyHKIUSA pacnpeprereHuss Fg(r) HelpepbIBHa (AASL AIOGOTO 2, MAM TOABKO B
TOYKax a u b), To

Pla<&<b) =Pla<&<b)=Pla<é<h) =Pla<t<b) = Fe(b) — Fe(a).

AoKa3aTeAbCTBO. AOKa3bIBaTh HY’KHO TOABKO paBeHCTBO P(a < & < b) = Fg(b) — F¢(a),
IIOCKOABKY BCEe OCTaAbHBIE PABEHCTBA CAEAYIOT M3 HEro ¢ y4eToM caepcTBust 4. Hamowmhio,
YTO 3TUM PaBEHCTBOM MBI y>Ke€ MHOTO pa3 ITOAB30BaAMCH, AOKa3biBas cBovicTBa (F2), (F3).

3ametruM, uto {{ < a} U {a < { < b} = {¢ < b}, u epBBIe ABa COOBLITUSI HECOBMECTHHL.
[TosTomy

P{¢ <a} +P{a < &< b} =P{{ < b},

uan Fe(a) + P{a < € < b} = F¢(b), uTo 1 TpeGOBAAOCEH AOKA3aTh.

DYHKIUS pacnpeAeAeHUus ANCKPETHOTO pacIpeAereHus

Mgr yke BUAEAU, KaK BBITASIAAT (PYHKIIMH PaclIpeAeAeHHUs HeKOTOPHIX AMCKPETHHIX pac-
OpepeAeHUN.
N3 cBoiict (F4), (F5) caepyer
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CsolictBo 6. Cayualinas BeAuuuHa & uMeem guckpemHoe pacnpegeAeHue Morga u mMoAb-
KO morga, Korga ynkyus pacnpegeienus Fy — cmynenuamas ¢ynkyus. Ilpu smom BO3ZMOX-
Hble 3HQUenusA { — MOuKu a; cKaukoB F¢, u p; = P(§ = a;) = Fe(a;+0) — Fe(a;) — Beaudunsl
CKQUKOB.

Ynpaxcnernue. [flokazame, umo nobas yHkyus pacnpedeneHus umeem He 6osee Yyem cyem-
Hoe 4uc/i0 moyek pa3psiBa (uau «ckaykoB»). YKaszaHue. CKOABKO CKAYKOB BEAMYHMHOU OoAee
1/2 moskeT mMeTh (PYHKIVS pacipepereHmsa? A BeAndnHoU 6oaee 1/37 Boaee 1/47

B caepyromeil raaBe MBI PaCCMOTPUM CAyYaMHBIE BEAWYUHEl, (PYHKIWUM paclnpepereHUs
KOTOPBIX HE YAOBAETBOPSIOT CBOMCTBY 6 XOTd OBl IOTOMY, YTO OHU BOBCE He MMEIOT pa3phl-
BOB. boaee TOro, MBI BEIAGAUM KAACC (PYHKIUM pacHpepeAeHHNsd, KOTOPBIE «BOCCTAHABAWBA-
FOTCS TI0 CBOEW IPOU3BOAHOM» C IOMOIIILIO MHTETPUPOBAHUS (TaK Ha3bIBaeMble a6CO/MOMHO
HenpepeoiBHblie YHKYUU).
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Pa3pen 8. AOCOAIOTHO HeNpepbIBHBIE pacnpeAeAeHus

Omnpeaenenue 29,

CayyaliHas BeAMUMHaA £ HMeeT ab6CO/MOMHO HenpepsiBHoe paclpepereHUe, eCAU
CYIIecTByeT HeoTpullaTeAbHast (MyHKIUSA f¢(x) Takad, 4To AA AoGoro z € R
dbyHKIUSA pacipepereHus F¢(x) IpeACTaBUMa B BUAE

Fo(t) dt ITpu sToM byHKINA f¢ () HA3BIBAETCS N10MHOCMbIO PAC-
¢ ' npedesieHus CAy9aiHON BEAUYUHEI .

Teopema 20.

Ihomnocmpb pacnpegearenus obAagaem CBOUCMBAMU:
o

(f1)  fe(z) > 0 gas moboro z; (£2) [ fe(t) dt = 1.

AokazaTeAabcTBO. (f1) BHLITOAHEHO IO OMPEAEAEHUMIO TTAOTHOCTHU. AoKakeM (f2).
/ fe(t) dt = hm / fe(t) dt = lim Fe¢(x) =1 mo cpoictBy (F2) dbyHKIMI pacnpepereHHs.
Tr—00

O
OTH ABa CBOMCTBA IMOAHOCTBIO XapaKTEPU3YIOT KAACC IIAOTHOCTEM:

AemmMma 3. Ecau ¢gynkuyus f obaagaem coticmBamu (f1) u (f2), mo cywecmByem Beposam-
HOCmMHOe NPOCMPAHCMBO U CAyYQlHAsi BeAuduHa & Ha HeM, gas komopol f sBAsemcs naom-
HoCmbIO pacnpegeAeHusl.

AokazaTeAabcTBO. [1ycTh () ecTh 06AACTE, 3aKAI0UEHHAS MEKAY OCBIO0 aOCIUCC U TpaduKOM
dyukuun f («nmoprpaduk» dyHknum f). Ilaomaak obaactu ) paBHa 1 mo coiictBy (f2). U
IyCTh CAy4YaliHad BeAWUYMHA £ eCcTh aOcCIiucca TOYKHW, Haypady OpOLIEHHOM B 3Ty OOAACTh.
Torpa (BcnomHume eeomempuyeckyto BepossmHocmes) AT Atoboro x € R

naomaab Dy
() (€& <x) (Touka momanra B o6AacThb D) ) / f(t) dt

X

TO eCTh f SIBASIETCSI IAOTHOCTBIO PacCIpeAeAeHUsT CAYyIalHOU BEeAWYUHHI £. O

CBolicTBa IIAOTHOCTEH

(f3) Ecam cayuatiHasg BeAnWuyrHa { MMeeT abOCOAIOTHO HeIpephIBHOE pacIpepeAeHue, TO ee
PYHKIVS pacupepeAeHUs] BCIOAY HellpephIBHA.

AoKa3aTeAbCTBO. OTOT (DAKT CAEAYeT U3 IPEeACTaBAeHHS Fy¢(x f fe(t) dt v HeTpepHIB-

HOCTHU MHTEerpard Kak (DyHKIUU BEPXHETO IIPEAEAd. ]
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ChaepctBue 5. Ecau cayualiHas BeAuuuHa & umeem aOCOAIOMHO HenpephblBHOE pacnpege-
Aenue, mo P(§ = x) = 0 gas aro6oro x € R.

(f4) Ecam cayuaiiHas BeanmumHA { MMeeT abOCOAIOTHO HEIPEpPBIBHOE paclipepeAeHue, TO ee

d
dyHknms pacnpeaenenus AuddepeHnupyema HOUTH BCIOAY, U fe(x) = Fi(z) = d—Fg(m)
AAST TIOUTH BCEX Z. v

3aMeuanmne 15. TepMUH AAS «IIOYTH BCEX» O3HAUYAET «AAST BCEX, KpoMe (BO3MOJKHO) x U3
HEKOTOPOT'O MHOJKECTBA HYA€BOU MepPHI (AAWHEI)». 3aMeThbTe, UTO CTOSIIYIO IOA MHTETPaAOM
(PYHKIWIO MOJKHO U3MEHUTHh B OAHOM TOYKe (MAU HAa MHOJKECTBE HYAEBOM AAUHEI), U UHTErPaA

(«IIAOIIAABL ITOATPAadUKa») OT 3TOTO He MU3MEHUTCH.

(f5) Ecam cayyaitHas BeAmumHa £ uMeeT aOCOAIOTHO HelpephIBHOE PacCIipeAeAeHUe, TO
b
P(a<§<b)—P(a<§<b)—P(a<§<b)—P(agfgb)—/fg(t) dt.
a
AoOKa3aTeabCTBO. AeNCTBUTEABHO,
b a
Pla <& <b) = Feg(b) — F¢e(a) = / fe(t) dt — / fe(t) dt.
—o0 —o0
OcTanbHBIE PAaBEHCTBA BBHITEKAIOT M3 CAEACTBUS J. ]

8.1 IIpumepsl a0COAIOTHO HENMPEPBIBHBIX pacIpeAeAeHn

PaBHOMepHoOe. OTO paclpeAeAeHre HaM yKe 3HaKOMO. I'OBOPST, 4To & MMeeT paBHOMEpHOe
pacrpeAeneHHe Ha oTpeske [a,b], m mumyT { € Uy, ecan

0, z < a; 0, T < a;
— 1
Fe(z) =Pl <z) = E_Z, a<z<b fe(x) = o a<z<b
17 .%'>b, 0, x > b.

3amMeTbTe, UTO B TOUYKAX a U b PYHKIIUS pacipepereHuss HepudepeHIupyemMa, U TAOT-
HOCTBH MOJKHO 33AAThb KaK YTOAHO.

IToka3zaTteabHoOe. ['OBOpPSAT, 4TO { MMeeT IIOKa3aTeAbHOE pacIpepeAeHHe C IIapaMeTpoM
a >0 unoumyr £ € E,, ecau

0, x < 0 0, x < 0;
Fe(z) =P({ <) =

1—e*, 220, ae” x> 0.

INokaszaTeAabHOE pacIpeAeAeHHe IBASETCS eAMHCTBEHHBIM abCOAIOTHO HEITPEePHhIBHBIM pac-
IpeAeAeHUEM, AAST KOTOPOTO BBITIOAHEHO CBOMCTBO «HeCTapeHus» (U B 3TOM CMBICAE OHO
SIBASIETCS HENIPEPHIBHBIM aHAAOTOM AMCKPETHOTO TeOMEeTPUUYECKOTO paclpeAereHUsd).

Teopema 21. CBolcmBo «Hecmapenusy. Ilycmb & € E,. Torga gas A106bix x,y > 0
P>z+y ‘ E>x) =P >y).

YopaxHeuune 10. AokazaTb «cBolicmBo HecmapeHus ».
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Vnopaxaenue 11. * AokazaTb, YTO €CAU HEOTPHUIATEABHAs CAydalHas BeAWYWHa { UMeeT
abCOAIOTHO HeNpephIBHOE paclipepeAeHre U 0OOAAAAEeT CBOMCTBOM «HECTapeHHUs», TO €CTh AT
AIOOBIX z,y > 0

P>a+y|&>a)=PE>y),

TO OHA MMeeT IIOKAa3daTeAbHOE pacClipepAeAneHre C HEKOTOPLBIM IIapaMEeTpPpOM (.

HopmaabHoe. [0BOpST, 4TO & UMeeT HOPMaAbHOE paclpeAeAeHre ¢ IapaMeTpaMy a U 02, TAe

a €R, 0>0, unumyr § € N, ;2, ecAu { UMeeT CACAYIOINIYIO TIAOTHOCTh PACTIPEACACHHUS:
(z—a)?
1 T 202
fg(w) = e AAST AoOoro x € R.

oV 2

Y6eanMcs, 9TO f¢(r) AGMCTBUTEABHO SIBASETCS IIAOTHOCTBIO pacupeAereHus. Tak Kak fge(x) >
0 Arg Bcex z € R, To cBoiicTBO (f1) BeimoAaHeHO. [TpoBepum BhImoAHeHUe (f2). Mcnoab3zyem
TaOAWYHBIN UHTerpan (mHTerpan ITyaccona)

o0

2
/ e 2 dx = \2n.
—00
o0 2 o0 2 o0 o0 2 2
3mom urmeepan Borucnsemes mak: [ e /2dx [ eV /2dy = [ [ e @) 24rdy =
— 00 — 00 — 00 — 00
(UunuHopuYeckas 3amMeHa NEPEeMEHHbIX T = rcos¢, y = rsing, derdy = rdrdp) =

21 oo 2T oo

[ [re™2drdg= [ [e " /2d(r?/2)dp = 2r.
0 0 0 0

00 B (z—a)?

? 1 - 30MeHa nepemeHHbIX
/fg(a?)dx:/g 27re dx = t:$_a, dr = odt
— o0 —00 o
(o] (0.0
1 1
:/ e odt = — /et2/2dt:1.
oV 2w V2T
—00 —0oQ

HopmanrpHOe (MHade HaszblBaeMoe rayccoBckuM 1o mMeHu Kapaa laycca, cM. rpaduk
IIAOTHOCTHU Ha Kymtope 10 DM) pacnpepesreHNe UrpaeT UCKAIOUMTEABHO Ba)XKHYIO POAB B TEO-
PUU BEpPOSITHOCTEHN, ITO3TOMY MBI OUeHb IOAPOOHO M3YUYMM BCe CBOMCTBA ITOTO paclpepene-
HUS.

8.2 CsoiicTBa HOPMaAAbBHOIO pacnpeAeAeHus

HOpMaABHOG paciapepaeneHre 3aAdeTCsA, KaK Mbl BUAUM, C IIOMOIIBIO IIANOTHOCTHU pAcCIIpe-
AENEHUI. CBs13aHO 3TO C TeM, UYTO HeAb3$s BBIIIHCATD HepBOO6pE:13HYIO oT (bYHKLII/II/I 67332 HMHa4e
KdK B BHA€E HHTEIrpanq, IIO3TOMY CpYHKLH/IIO paciapepeAeHrd 3TOTO 3aKOHA MOJXHO 3allMCAaTb
AWIIIBb B TAKOM BHAE:

x (t—a)?

Fg(%) = (I)a,az(x> = / ! -

—0o0

dt.

oV 2T

Mel yacTo GyAaeM HCIIOAB30BaTh O6o3HaueHHe P, ,2(r) AT QYHKIUM pPacIpeAeAeHHs HOp-
MaABHOTO PacIPeAeAeHUs] C IIapaMeTpaMu a U o2,
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VICKAIOUMTEABHO MOAE3HO HApPHCOBATh IPaddUK IAOTHOCTU W (PYHKIIUU pacHpepereHUs
(OTMETHUB TOUKM dKCTPEMYMAQ, IIeperu00B, IIOCUUTAB 3HaUueHNe B TOUKe MaKCUMyMa IIAOTHOCTHU
U PAcCTOgHUE MeXXAY TOUYKaMHU Iepern0OoB). I'paduK NAOTHOCTH U PYHKIUU paclpepereHUs
HOPMAABHOTO pacCIIpeAeAeHUsI MOKHO TaKKe IIOCMOTPETH 3AeCh:
http://www.nsu.ru/mmf/tvims/chernova/PlotDist.html.

CT&HAapTHOe HOPMdAABHO€ pAcCIIpeAeAeHune

Hopmanbnoe pacnpeaenrenue N, ;> mpu a = 0 u 02 = 1 Ha3BIBAETCI CMAHOGPMHBIM HOP-
mManeHeim pacnpedeseHuem. TIAOTHOCTb CTaHAAPTHOTO HOPMAABHOTO paclpeAeAeHUs HMe-

1
er BUA fe(r) = — e~ /2 mpm Ao6oM z € R, a dyuknua pacnpeperenus Po;(z) =

V2r

x
1 2
/ \/7 e 2 dt TaOyAUpOBaHa (TO eCTh ee 3HA4eHMsd BBIUMCAEHBI IIPH MHOTUX ) HOYTU
7r
— 0o

BO BCeX MATeéMaTU4YeCKHUX CIIPABOYHHKAX. YcTaHOBUM CBS3b MEeXAY q)a,az 41 @071.

r—a
CsoiricTBO 7. Ars aroboro x € R cnpaBegauBo coomnowenue @, ,2(x) = Pg < )
) ) O,
AOKa3aTreAbCTBO.
3aMeHa nepemeHHblx z—a
“ (t=a)? t—a A 2 /9
P, q2(x) / Lo % g |V A=y / LTy
2 = = = =
“7 oV 2T 7 r—a V2T Y
oo t=z — y= —0o0

a

= g, <$_a>. O
g

To ke camoe Ha sSI3BIKE CAyTIaﬁHBIX BEAWYMH MO>XHO C(bOpMYAI/IpOBaTB Tak:

CaepctBue 6. Ecau £ € N, 2, mo n= t-a € Ny ;.
K O. 7

AoOKa3aTreAbCTBO.

Fn(x):P(n<a:):P(€_a

<x> =P <ox+a)=P,2(00+a)=

or+a—a
= <I>0,1 <f) = <I>0’1(:13).

CaepctBue 7. Ecau § € N, 2, mo

ro —a 1 —a
Pla1 < € <22) = Bya(02) — Byn(o1) = s (0] — s (21)

Kak MBI BUAUM, BEIUMCAEHUE AFOOBIX BEPOSTHOCTEN AAS HOPMAABHO PACIPEAEAEHHOU CAY-
YAaWHOU BEAMYMHBI CBOAUTCS K BBIYMCACHUIO (DYHKIUM pacupepereHus Pgi. Ee csoiicTBa
(HapucoBaTh UX Ha rpaduKe NJI0MHOCMU CTAHAQPTHOTO HOPMAABHOTO pacipeAereHus!!):

CaovicTBO 8. ®0.1(0) =0.5.

CaoricTBO 9. Qp1(—z) =1— Pp ().
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Cgoiictpo 10. Ecau f S N()’l, mo P(|€| < l’) =1- 2(1)0’1(—1') = 2(1)0’1(33‘) — 1.

AokazareabcTBo. P(|{| < 2) = P(—z < £ < z) = ®p;1(z) — Pg1(—x) = (mO cBOMCTBY 9)
=1-2%1(—2) =2Pg,(x) — 1.
U
CsorictBo 11 («IIpaBHAO Tpex CHUIM»). Ecau § € N, ,2, mo
P(]¢ — a| > 30) = 0.0027 (Maro, B obwem :).
AOKa3aTeAbCTBO.

P(|§—a>3a):1—P(|§_a|<3J):1_P<‘§;a

_ <3).

a
Ho BeAmumna 1 = ——— HuMeeT CTaHAAPTHOE HOPMAABHOE PacIipepAeneHre, 1 MOJXHO HCIIOABL-

g
3oBaTh cocTtBo 10: 1 —P(|n| < 3) =1 — (1 —2®¢1(—3)) = 2®g,1(—3) = 2-0.00135 = 0.0027
(HariTu B Tabaune!).
U

CwMmrbIcaa B 3artoMuHaHuU uncAa 0.0027 HeT HUKAKOT0, @ BOT IIOMHUTD, YTO IIOYTH BCSI Macca
HOPMAaABHOTO PaCIIPEAEAEHUsI COCPEAOTOUYEHA B rpaHuIax [a — 30, a + 30|, BCeraa moaesHo.
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Pa3pen 9. CaydyaiiHble BEKTOpPa M UX pacHpeAeAeHus

Omnpepenenne 30. Ecau caydaliHble BEAWYHMHEI &1, ..., &, 3aAaHBI HA OAHOM BEPOSTHOCT-
HOM IIPOCTPAHCTBE, TO BeKTOP ({1,...,&,) MBI OyAe€M HA3bIBATH CAYYalHbIM BEKMOpPOM.

Omnpepenenne 31. Oyuxnusa Fe ¢ (21,...,2,) = P(& < 21,...,§ < z,) Ha3bBaeTcs
@yHKkyuel pacnpedeneHus caydariHoro Bekropa (&1, ...,&,) UAU gyHKyueld coBmecmHo20 pac-
npedeseHus CAyYalHBIX BEAWYUH &1, ..., &,.

9.1 CsoicTBa QyHKIUM COBMECTHOIO pacrpeAeAeHus

AAST IPOCTOTHI OOO3HAUEHUU BCe AAABHEMIINE PACCYyKAEHUS U (POPMYAUPOBKU IIPUBO-
AATCSI B CAy4ae n = 2 AAS CAydalHOro Bektopa (£1,£2).

FO) 0 < F&,g? (xl,l’g) < 1.
F1) F¢ ¢, (21, 22) He yObIBaeT 10 Ka)KAOM KOOPAMHATE BeKTOpa (1, x2).

F2) Aas ato6oro @ = 1,2 cymectByer lim  Fy ¢, (v1,22) = 0;
T;——00

Ans aroboro i = 1,2 cymectByer lim F¢ ¢, (21, 22). TIpu aTOM
x;—00

def . def .
Fe, ¢, (00, 2) = lim Fe eo(21,22) = Fey(22), Fey g,(1,00) = lim Fe o (21, 22) = Fe (7).

Tr1—00 T9—00
F3) Oynkmua F¢ ¢, (71, x2) IO Ka’KAOH KOOPAMHATE BEKTOpa (1, %2) HEIIPEPEIBHA CAEBa.

AOKa3aTeAbCTBO 3TUX CBOMCTB COBEPIIEHHO aHAAOTMYHO OAHOMEPHOMY CAYYAIo.

TOABKO Tenepb 3TUX CBOMCTB OKa3bIBAETCHI HEAOCTATOYHO AAS OIIUCAHUSA KAaacca (PYHKIIMHN
COBMECTHOTO paclipepereHUs. IlHaue TOBOPS, BBLITOAHEHUE 3TUX CBOUCTB AASI HEKOTOPOM
dyaxnuu F : R? — R BoBce He rapaHTHUPYeET, YTO 3Ta (PYHKIUS aBAseTcs (PYHKIHMeH pacipe-
AEAEHUSI HEKOTOPOT'O CAYYaMHOI'O BEKTOPA.

YopakHenue 12. AoKa3aTh, YTO (PyHKIUI

0, 21 <0wurm 2o <0 uAM 1 + 22 < 1

F(a:l,xg) = {1

, WHade, TO €CTh KOTAQ OAHOBPeMeHHO x1 > 0,29 > 0,21 + 22 > 1.

a) yaoBaeTBOpsieT BceM cBoictBaM (F0)-(F3);

6) He sgBAsieTCsl (DYHKIMEN paclpeAeAeHUss HUKAKoro BeKTopa (£1,&2) XOTs ObI MOTOMY, YTO,
HaWAMCH TaKOW BEKTOP, HAMAETCS U IPSIMOYTOABHUK |a1,b1]| X [ag,bs], BEpOSITHOCTH ITOIACTH
B KOTODPBIM (BBIUMCAEHHAsA C IIOMOIIBIO 3TOU «(PYHKOUM PACIPEAEAEHUs») OTPULATEABHA:
P(a1 < fl < bl,az < 52 < bQ) < 0!

Kak >ke cBg3aHa BEepOATHOCTH BEKTOPY HIONACTh B NIPSIMOYTOABHUK C (DYHKIUEN paclpe-
AEAEHUsS 3TOTO BeKTopa?

YnpaxHeuue 13. AokasaTb, 4TO

Plar <& <bi,a2 <& < bg) = Fg, g,(b1,b2) — Fe, gy(a1,b2) — Fe, ¢, (b1, a2) + Fe, ¢,(a1,a2). (12)

OKasbIBaeTCsi, €CAU TOTPeOGOBaTh AOMOAHUTEABHO OT (PYHKIUU F, Y4TOOGBI AAST BCSIKOTO
IPSIMOYTOABHUKA [a1,b1] X [ag, be] BepositHOCTh Pa; < & < bj,as < & < bg), CBsA3aHHas C
dyukuernt ' paBeHcTBOM (12), O6blrna HeOTpUIlATEABHA, TO Al0Oad (PyHKIUSA, oOAaparolas
atuM cBoictBoM u cBorictBamu (F0)-(F3), y>ke 6yaeT yHKIIMEN pacipeAeAeHusT HEKOTOPOTO
CAY4YaMHOTO BEKTOpa.
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Ha camom desne cyuwecmBo cBoiicmBa (F2) 8 mol ezo yvacmu, ymo kacaemcs npedesa Ha bec-
KoHeyHocmu, Becoma mymarHo. YmBepicdaem smo cBolicmBo 2opaszdo 6ossuie, 4em npPocmo
«npedesn pyHKyuu coBmecmHo2o pacnpedeseHus npu cmpemsaeHuu 00Hol KoopouHame! K 6ec-
KOHEeYHOCmU ecmb moxce ¢hyHkyus pacnpedenenuss. Ho kak 8 obwem cayyae npoBepume,
Ymo 3Mo He NPoCMO «HEKAas QPYHKUUS pacnpedeseHus», HO PYHKYUs pacnpedeseHus ocmaB-
welics koopduramer Bekmopa (£1,&2)? Ecau, He saykaBs, paccmompemes B ynpaxcHeHuu 12
Fi(x1) = limg, oo F(x1,22) U Fo(xo) = limy,, oo F(x1,22), mo 0be amu ¢pyHkyuu sBasiomcs
pyHKyusmu pacnpedenerus (BoiporcOeHHo20 3aKOHa, m.e. cay4alnblx Beaudur & =0 u &y =0
n.H.). Ho 08e BvipoxcderHovie cayyalinbie Beauyursl HE3aBUCUMBI, U UX GhYHKYUS coBmecmHo20
pacnpedesnenus paBrHa 1 8 nepBom kBadpaume (He Bkao4as €20 epaHuyy) u HYA0 B 0CMAaibHbIX
kBadpanmax, HO HuUKak He paBHa F. OcmaBaso Ha cyd yumamens Bonpoc o mom, BbinoAHEHO
au Bce-maku ycaoBue (F2) das F uz ynpaxcHerus 12.

9.2 Twunbl MHOrOMEPHBIX pacIipeAeAeHUun

OrpaHuyYnMCs pacCMOTPEHUEM TOABKO ABYX CAyYaeB, KOIAA COBMECTHOE paclpepereHue
KOOPAMHAT CAy4YarHOro BekTopa (1,&2) Anbo duckpemHo, AubO abconomHo HenpepsiBHo.

AHCerTHOG COBMECTHO€ paclpepAeAreHue

Omnpepenenue 32. TOBOPAT, YTO CAydYalHBIE BEAWYUHBI {1,{y UMEIOT OUCKpemHoe COB-
MeCTHOe paclipeAeAeHHe, €CAHM CYIIeCTBYeT KOHEUHBIM MAM CYeTHBIM HaGop {a;,b;} Takoi,
YTO

DY PE@ =an&=b)=1.

i=1 j=1

Tabauny, Ha IepecedeHUH -1 CTPOKU U j-TO CTOADIIA KOTOPOM (MAM HAOOOPOT) CTOUT YHCAO
P(&1 = a;,&2 = bj), Ha3bIBalOT mabauyeld coBmecmHo2o pacnpedeseHus CAyIalHbIX BeAUIHH

&1 1 &o.

3ameyanue 16. HamomHIO, YTO TaOAUITHE paclipepAeAeHUs Ka*KAON U3 CAYUYaWHBIX BEeAUUYNH
&1, €2 B OTAEABHOCTH (TAOAMIIBI YACTHBIX, UAU MAP2UHA/bHLIX PACIPEAEAEHUM) BOCCTaHAaB-
AUBAIOTCA II0 TaOAUIle coBMecmHo20 pacCIpeAEAeHUs C ITOMOIIBI0 OUYEBUAHBIX DOPMYA:

Y Pl =an&=b) =Pl =a) Y Pl =a,b=b)=P&=1b).

j=1 i=1

EcAu 3Tu hOpMYABI BaM He TPEACTABASIOTCSA OUEBUAHBIMU, HEOOXOAVMMO BEPHYTHCSA K PA3AEAY
4 1 mepeunuTaTh onpeApereHHe 18 MOAHOM Ipynnbl COOBITHM, OOPATHB TaK)Ke BHUMaHUE Ha
AOKA3aTEeAbBCTBO TeOpPeMEl 8 ((POPMYABI IIOAHOU BEPOSITHOCTH).

AOCOAIOTHO HeIllpepbiBHOE€ COBMECTHOE pacCIipepAeneHune

Onpepeaenne 33. ToBopsar, uto c.B. &1,&> (3apaHHBIE Ha OAHOM BEPOSTHOCTHOM IIPO-
CTPAHCTBE) UMEIOT ab6CoMOMHO HenpepsiBHoe coBmecmHoe pacnpedesneHue, eCAU CYIeCTByeT
dYHRIMS fe, ¢, (21, 22) = 0 Takasi, 9TO AASL AFOGOM TOUKH (71, 72) € R?

xr1

z2
F§17§2($17x2) =P <m,& <x2) = / / f§17€2(81,82) dsa | dsi.

—0o0

Ecan Takas GyHKIUSA fe ¢, (21, 22) CyIIeCTBYeT, OHa Ha3BIBAETCS N/J0MHOCMbIO COBMECMHO20
pacnpedesneHus CAy4YaHbIX BeAUYUH &1, €.
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3amevanmue 17. AAs Bcero paAbHeHIero 6oree ueM AOCTATOYHO CUMTATh, YTO
by by
/ /f(Sl,SQ) dSQ d81
a1 as

paBHsieTCcd 00BeEMY TOA TpadMKOM (PYHKIMHU f Hap OOAACTHIO MHTETPUPOBAHUS — IIPSIMO-
YTOABHUKOM [aq, b1] X [ag, ba).

ITAOTHOCTH COBMECTHOTO pacHpeAeAeHUsd oOAajaeT CBOMCTBAMH, aHAAOTMUYHBIMU CBOMU-
CTBaM IIAOTHOCTU PAaCIIPEAEACHUS OAHOU CAYYaHOU BEAWYUHBL:

(f1)  fe, ¢, (z1,22) > 0 AAST ATOOBIX 1, 22 € R; f2) [ [ fere(x1,22) dzo | dzy = 1.

Boaee Toro, AtobGasi PyHKIHMSI, OOAAAQIONIAsi OTUMU CBOWCTBAMM, SIBASIETCSI MTAOTHOCTBIO
HEKOTOPOI'O COBMECTHOTIO pacCIIpeAeneHMd.
Ecau coBmecTHOE paciipepenenue a6COAIOTHO HEeIIpepLIBHO, TO IIO0 q)yHKHHH COBMECTHOI'O
paCHpe,A,eAeHI/IH €ro IMMAOTHOCTHh HAaXOAHUTCSA KaK CMelllaHHAadaA YaCTHAdA HpOI/I3BOAHaH:
82
(£3)  fe (1, 22) = MF&@(%M)-

W3 cBoictBa (F2) OyHKIIMM COBMECTHOTO pacCIpeAeAeHUs BBITEKAeT CAeAyIollee yTBep-
>KAeHUEe. AAS n > 2 9TO yTBepI)KAeHUe, Kak U CBONCTBO (F2), BRITASIAUT CyIleCTBEHHO nHayve!

Teopema 22. Ecau cayualinble BeAUUUHBl £1,&9 umerom aOCOAIOMHO HENpepblBHOE COB-
MecmHoe pacnpegeAerue ¢ naomHocmbo f(x1,x2), mo & u £ B omgeabHOCIU MAKXKe UMerom
abcoAlOMHO HenpepblBHOE pacnpegeAenue ¢ NAOMHOCMAMU!

Je, (s1) = / (o180 dsa;  fea(se) = / F(s1,52) dsi.

Aoka3zareabcTtBo. ITo (F2),

X1 xro X1 o0
Fe () = lm Fg g (21,22) = lim / f(s1,82)dsy | dsp = / / f(s1,82)dsa | dsi;
X9 —00 T9—00
—00 —00 —00 —00
f&l (81)
Y, aHAAOTHUYHO,
X1 xro x xro
Fe,(x2) = lm Fe g, (21,22) = lim / f(s1,82)dsy | dsi1 = / / f(s1,82)dsy | dsi =
xr1—00 r1—00
—0o0 —0o0 —0o0 — o
T2 0
= / / f(Sl,SQ) d81 dSQ.
—0o0 —OoQ
fEQ (82)
]
9.3 He3aBUCHUMOCTh CAYYaWHBIX BEAUYUH
Omnpepenenne 34. CaydaliHble BEAMYUHH &1, . . ., &, He3aBucumsl, €CAUL AT ATOOOTO HAa0O-
pa mHOKecTB B C R, ..., B, C R (43 6GopereBCcKOM o-aAreGphl — AASL T€X, KTO IIPOYUTAA, UTO ITO

TAKO€, UAU IIPOU3BOABHBIX — AAA T€X, KTO HE HpO‘{I/ITaA) nMeeT MeCTO PAaBEeHCTBO:

P € By,...,én € By) =P(&1 € By)-...- P&, € By).
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OTO onpepeAeHUEe MOKHO CDOPMYAMPOBATEH B TepMHUHAX (DYHKIIMU pacHpeAeAeHUd:

Omnpepeaenne 35. Cay4yaliHble BeAWYMHBL &1,...,&, He3aBucumel, e€CAM AAI  AIOOBIX
x1,...,T, UMEET MECTO PaBeHCTBO:
Feo o en(@r, . an) = Fe(x1) - .- Fe, ().

YopakHenue 14. AoOKa3saTh, YTO M3 HE3aBUCHUMOCTU B CMBICAE OIIpeAeAeHUs 34 CAeAyeT
HEe3aBUCUMOCTDb B CMBICAE OIIpeAeAeHHUs 35 (AOKa3aTEeABCTBO B OOPATHYIO CTOPOHY CM. (TOAB-
KO cM.!) B §4 ra.3 yueOHuKa A.A.BopoBKOBa «Teopus BEepOATHOCTEMN»).

AASI CAY‘I&IZHBIX BeAYMH C AMCKPETHEIM pPACIIpeAeAeHHMeM 3KBHBAAECHTHOE OIIpeAeNeHue
HEe3aBUCHUMOCTHU BBITAAAUT TAK:

Omnpepenenne 36. Cay4yaliHble BEAUYUHE! &1, . . ., §, C AUCKPETHBIM pacIlpeAeAeHUEeM He3a-
Bucumel, eCAU AAST ATOOBIX a1, - . . , G, UMEET MECTO PaBEHCTBO:

P(gl :alu---agn:an):P(gl :al)P(fn:an)

YopakHenue 15. A0OKa3aThk, YTO AT CAYYAUHBIX BEAUUNH C AUCKPETHBIM PaclIpeAeAeHU-
eM ompeperenus 34 1 36 S5KBUBAAEHTHEI.

AAS CAYYAUHBIX BEAWYUH C aOCOAIOTHO HENPEPBIBHBIM COBMECTHBIM paclipepeAeHueM
olpeAeAeHMe He3aBUCUMOCTU MOJKHO C(POPMYAMPOBATH TakK:

Omnpepenenne 37. Cay4yaliHble BEAUYUHH! &1, . . ., &, C @OCOAIOTHO HEellpePLIBHLEIM COBMECT-
HBIM paclpejpereHreM He3aBucumbl, eCAU TIAOTHOCTb COBMECTHOTO paclpeAeAeHs paBHa IIpo-
HU3BEAEHUIO NIAOTHOCTEN CAyYaWHBIX BEAWYUH (1,...,&,, TO €CTb AT AIOOBIX 271, ..., T, UMeeT
MeCTO PaBeHCTBO:  f¢, ¢ (®1,...,2n) = fe,(x1) - ... - fe, (zn).

AokazaTteAbCcTBO. Jokaxcem 3kBuBaseHmHocms omnpeperenutt 35 u 37. Ilo Teopeme 22,
€CAU COBMECTHOe pachupepereHue &, ...,&, abCOAIOTHO HENPEPBIBHO, TO W B OTAEABHOCTU
&1,...,&, TakKe IMeIOT abCOAIOTHO HeIlpephIBHOE paclpepeAeHme. [1ycTh cAydyalriHbIe BeAU-
YuHE &1, ..., &, HE3aBUCHUMBI B CMBLICAE OIIPEeAeAeHUsT 35, TO eCTh AAST AFOOBIX I1,...,Tn,

1

Tn
/ .. / Jeren (81,0, 8n)dsy ... dst = Fey ¢ (x1,...,2,) =
— —0o0

= { o omp. 35 } =Fe(z1) ... Fg(xn) =

1

_ 7]21(31)6531-...- 7f£n(sn)dsn - / 7f£1(31)-...-fgn(sn)dsn... dsi.

PaBeHCTBO ABYX CHHHX MHTErPaAOB IIPH BCeX 3HAUEHUIX X1,. .., Ly BA€UET PABEHCTBO IIOABIH-
TeTpPaAbHBIX BBIpa’KeHUM, TO €CTh He3aBUCUMOCTbL B CMBICAe olpepereHus 37. AAs AOKaza-
TEeABCTBa B OOPATHYIO CTOPOHY MOJKHO MCIIOAB30BAaTh Te >K€ PaBEHCTBAa, HO B APYTOM IIOPSIA-
Ke. O

49



Pa3apen 10. IIpeoOpa3oBaHHSI CAyYaWHBIX BEAUYUH

10.1 TIIpeoOpa3oBaHUEe OAHON CAYYaWHONU BEAUYMHBI

MBI 6yaeM paccMaTpUBaTh TOABKO IIPeoOpa30BaHMs CAYYAaMHBIX BEAWYMH C aOCOAIOTHO
HEeIIPEPBIBHBIMU pacrpepereHuaMU. IlycTb c. B. § umeeT QyHKIUIO pacupepereHus Fe(x)
U TIAOTHOCTE pacupepereHus fe(x). IToctpomm c momormpio GyHKIuM ¢ : R — R cayuait-
HyI0 BeanuuHy 1 = ¢(§). TpeGyercs HaWTH (PYHKIIHMIO paclpeAeAeHUs U, €CAU CYIIEeCTBYeT,
IIAOTHOCTE PacIpeAeAeHusd 7).

3ameuanue 18. TIAOTHOCTL paclpepeAeHUs] CAYYAHHON BEeAMYUHBL 1) = ¢(£) CylecTByer
AAAEKO He IIPU AIOOBIX QYHKIMAX ¢g. Tak, ecAan (OyHKIUS g KyCOYHO-IIOCTOSTHHA, TO C. B. 7
UMeEeT AMCKPETHOE pacIpeAeAeHNe, U IIAOTHOCTD ee paclpeAeAeHUsl He CYIIeCTBYeT.

YopakHenue 16. [IpuBecTu npuMep cAy4aliHOW BeAWYMHBI £ ¢ aOCOAIOTHO HeENpPEephHIB-
HBIM paclipepeAeHueM U HenpepsiBHol (PYHKIUU g TakoM, uTo 1 = g(£) umeer
a) AUCKPETHOE pacIpepAeneHUe; 6)* HeBbiposxcdeHHOe A\NMCKPETHOE PacIIPEAEAEHNE.

[MroTHOCTE pactipepereHus g(§) 3aBEAOMO CYIIECTBYET, €CAUM, HalpuMmep, PYHKIUS g MO-
HOTOHHA («CTPOTrO MOHOTOHHAa»). BCIIOMHUM, UTO O3HauaeT «HAWTU NAOTHOCTHL pacIipepeAe-
HUS 1), €CAU OHA CYILIECTBYET».

[To onpedenenuro, ecau moi npedcmaBum (045 106020 x) pYHKYUIO pacnpedeseHus 1
X

8 Bude F,(z) = [ h(y) dy, ede nodeinmeepansHas ¢pyrkyus h(y) HeompuyamensHa,
—00

mo naomHocms pacnpedenexus c. 8. n cyuecmByem u 8 moyHocmu paBHa nodviHme-
epaneHol gpyHkyuu: fp(x) = h(x).

Tak 4To AOKa3bIBaTh CYII[€CTBOBaHHE IAOTHOCTU pacCIpeAeAeHUsT U HaXOAUTH ee MBI Oy-
AEM OAHOBPEMEHHO, HaXOASL HY KHOe MHTerpaArbHOe IIpeACTaBAeHHe AT (DYHKIIUU paclpepe-
AeHUS.

Teopema 23. Ilycmsb & umeem pynkyuto pacnpegerenus Fe(x) u naomrocmb pacnpegee-
Hus fe(x), u nocmosnnas a omaudHa om HyAs. Torga cayuatinas BeauduHa 1 = a& + b umeem

1 x—b
niomnocms pacnpegerenus fp(x) = m - fe )

AokaszareabcTBO. [lycTh cHauana a > 0.

(z—b)/a
r—0 r—0
Fy(@) = Fagaa(e) =Plag +b< ) =P (6 < =2 ) =i (T2) = [ fete) ae =
3a/we/-/a:t:y_b,dt:% xl y—b
[t )i
r— a a
t:aHy:x’t:—ooHy:—oo e

TO eCThb Ipu a > 0 caydaliHas BeanwdmnHa 1) = aé + b mMeeT aOCOAIOTHO HeIlpephIBHOE pacipe-

AeAeHUe C IAOTHOCTBIO
1 T —0b 1 Tz —0b
fn(iﬂ)—a'fé( a )-m‘f&( a >
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ITycts Teneps a < 0.

z—0b T
Fy(e) = Fugunle) =Plag +b <) =P (6> T2) = [ gy ao—
(z—b)/a
= 3a/we/-/a.'t:y_b, dt:@,tzw_bHyzx,t:OOO—)y:—OO}:
a a a

_001 y—>b i 1 y—>b
- [u (1) = [ r() @

TO ecThb IpU a < 0 caydalHasd BeAnudmnHa 1) = af + b mMeeT aOCOAIOTHO HellpephIBHOE paclipe-

1 x—b
AeAeHHe C TIAOTHOCTBIO fp(z) = ﬂ - fe ( > O
a a

AAs IPOM3BOABHOM MOHOTOHHOM (DYHKIIUU ¢ (TO €CThb TAKOW, UTO AT AIOOBIX 71 < T2
An6o g(r1) < g(x2) (MOHOTOHHO Bo3pacTaromias QyHKIUs), Aub60 ¢(x1) > g(rs) (MOHOTOHHO
yOBIBaromasa (GyHKIM)) CIPABEAAMBO aHAAOTUUYHOE TeopeMe 23 yTBEpKAEHUE.

Teopema 24. Ilycmb £ umeem ¢pynkyuio pacnpegerenus Fe(x) u naomrocms pacnpege-
Aenus fe(x), u gpynkyua g : R — R monomonna. Torga cayuatinas BeAuuuHna n = g(§) umeem
niomHocmb pacnpegeAenus

1
19'(97 (@)
1
I — ¢ynkyus, obpamnas K g, u ———— = (g~ (z))’ — npoussognas ¢ynxyuu

g (g7 (2))

fy(z) = fe (97 (@)

3gechb g~

97 ().
YopakHenue 17. AokasaTb TeopeMy 24.

Chepyrolliie yTBEPIKAEHHS Cpa3y CAeAyIoT m3 TeopeMbl 23. [lepBoe M3 HHX MBI yKe
AOKa3bIBaAU HEIIOCPEACTBEHHO. JJokazame ocmasbHele.

CaeactBue 8. Ecau § € Ngj, mon=o§+a € N .

A Aci fo(a) 1f<x_“> L5
OKa3aTeAbCTBO. AeWCTBUTEABHO, f,(z) = — = e 207,
K o't o ovV2m
U
n—a

CaepctBue 9. Ecaun € N ;2, mo § = € No,1.
CaeactBue 10. Ecau € € E,, mo n = o€ € E;.
10.2 @PyHKHUU OT ABYX CAyYaHHBIX BEAWYNH

[Tyctb &1,{2 — CAyYalHBIE BEAWYHHBI C IIAOTHOCTBIO COBMECTHOI'O pacCIpeAeAeHUs

fe1.60(x1,22), 1 3apaHa pyHknma g : R? — R. TpeGyercs HailTn (QyHKIUIO (2 €CAM Cylie-
CTBYeT, TO U IAOTHOCTB) PaCIPEACACHUsT CAyUaiHOM BeAnuuHbI 1) = g(&1, &2).
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IloAB3ysch TeM, YTO BEPOATHOCTH CAYYaMHOMY BEKTOPY IIONACTh B OOAACTH MOJKHO BHI-
YUCAUTH KaK 00BeM II0A I'PapUKOM IAOTHOCTH paclipepeAeHUsT BeKTopa Hap 3TOM OOAACTBIO,
copMyAUpYyEM YTBEpP>KAEHUE.

Teopema 25. Ilycmb x € R, u o6aacmb D, C R? cocmoum u3 mouek (z,xs) Maxkux, umo
g(z1,22) < z. Torga cayuatinas Beauuuna n = g(&1,&2) umeem QyHKyulo pacnpegeienus

Fy(z) = P(g(&1,&2) < x) = P((&1,&2) € D) :/ Jer,62(w1, 2) dixg day.
D,
Bcropy panee B 9TOM raaBe HMPEANIOAATAETCS, YTO CAYYaVHBIE BEAMYHUHEI & U £ HE3aBUCH-
MEIL, TO €CTb f¢, ¢,(21,%2) = fe, (%1) fe, (22).

CaeactBue 11 (®opmyaa cBeptku). Ecau c. B. £ u & He3aBucuMbl U umerom a6COAIOMHO
HenpephlBHOe pacnpegeAenue ¢ niomuocmamu fe (x1) u fe,(r2), mo niomnocms pacnpegene-
Husi cymmbl § + &2 paBHA «cBepmKe» naomHocmell fe, U fe,:

ferver(t) = / fer (1) oot — 1) du = / feo () fer(t — u) du (13)

AoKa3aTeAbCTBO. BocmoAb3yeMcsi yTBEpKAEHUEM TeopeMbl 25 AAsT DYHKIUU ¢(x1,T2) =
x1+zo. UterpupoBanue 1no obractu D, = {(r1,22) : o1 +2x2 < £} MOKHO 3aMEHUTH IIOCAEAO-
BaTEABHBIM BHIYMCAEHUEM ABYX MWHTETPAAOB: HAPY’KHOTO — IO TIEPEMEHHOU 1, MEHSOIIencst
OT —00 AO 00, ¥ BHYTPEHHEro — IO IePEeMEeHHOM T, KOTOpas IPU KakKAOM T] AOAKHA OBITH
MeHbIIe, ueM & — x1. To ecTb D, = {(x1,22) : x1 € (—00,00), 22 € (—o0,x — 1) }. [Toaromy

Feie(r) = / fer o (w1, w2) darg dy "ETT / fer (1) fey(w2) dy dy =

D, D o ) e
:/ /f51($1) f€2(x2)d332 dx

CaenaeM B IIOCAEAHEM MHTEIrpaAe 3aMeHy IIepEMEHHOU X2 Ha t Tak: x2 =t —x1. Ilpu aTOM
x9 € (—o00,x — x1) HepedpeT B t € (—oo,x), dre = di. B IOAy4eHHOM HMHTerpare MeHseM,
HaKOHeIl, TOPSIAOK MHTETPUPOBAHUS:

F§1+§2(x) = / /f{l(xl) f{g(t_xl) dt | doxy = / /f§1($1) f§2(t—$1> drq | dt.

f£1+§2 (t)

x
VTak, MBI IPEACTaBUAU (DYHKIUIO pacupepereHust Fe ¢ () B Bupe [ fe,4e,(t) di, TAe

—0o0

ferver(t) = / fe (1) fer(t — 1) day = / fe () fer(t — u) du.

Bropoe paBeHCTBO OAydYaeTCs AMOO U3 NEPBOTO 3aMEeHOM NepeMeHHEIX, AUOO €CAU BCIOAY B
AOKazaTeAbCTBE TOMEHSTH MECTaMU UHAEKCHI | U 2. O

ChaeactBue 11 He TOABKO IIpepraraeT POPMYAY AAS BBIUMCAEHUS IIAOTHOCTHU PacIpeae-
AEHUS CYMMBI, HO U YTBEpP’KAAeT (3aMeThTe!), UTO cyMMa ABYX HE3aBUCUMBIX CAYYaMHBIX
BEAUYNH C aOCOAIOTHO HENPEPLIBHBIMU PacCIpeAeAeHUSIMU TaK)XKe UMeeT aOCOAIOTHO Helpe-
PBIBHOE paclipepereHue. And TeX, KTO yyKe HUYeMy He YAUBASIETCS, YIpakKHeHue: npuBecmu
npumep 0Byx caAyYaliHbIX BequduH ¢ abCoMOMHO HENPEPbIBHbIMU PACNPedeNeHUSIMU, MAKUX YMO
ux cymma umeem BoipoxcdeHHoe pacnpedeseHue.
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Ecau paxke opHa u3 ABYX He3aBUCHUMBIX Cquaﬁme BEAWYMH MeeT AMCKPETHOE, a BTOpas
— abCOAIOTHO HellpephbIBHOE paclipepeAeHne, TO UX CyMMad TOXe mMmeeT abCOAIOTHO Herrpe-
PBIBHOE pacIipepAeneHNre, KaK IIOKA3bIBAaeT CACAYIOIlee yIIpa’KHeHNe.

Yapakaenue 18. IlycTtb c. B. £ uMeeT TabAuIly pacupepesenus P(E = a;) = p;, C. B. 7
MMeeT IIAOTHOCTh paclpeAereHud fy(z), ¥ 3T BeAMYUHBI He3aBUCUMBI. AOKa3aTk, 4TO § + 7
MMeeT IAOTHOCTb PAaCIpPeAereHus fei,(x) = Y pify(r — a;).

i

10.3 IIpumepsl NCHOAB30BaHUS (POPMYABI CBEPTKU

ITpumep 27. IlycTh He3aBUCUMBIE CAyUYalHble BEAMYUHHI £ U 1) UMEeIOT CTaHAAPTHOE HOp-
MaAbHOE paclpepenreHue. AOKakKeM, YTO UX CyMMa MMeeT HOPMAAbHOE paclpepeAeHHe C
napamerpamu 0 u 2.

Aoka3areabcTBO. [0 hopMyAae CBePTKH, IAOTHOCTb CYMMEI PaBHA

yi 1 1,2 1 2 yi 1 L(oy21 2 yi 1 - <u2+—m2 —IU)
_ 1?2 —l(z—u) _ —=(2u4z*—2zu) _ 2
feqn(2) / 5o € 2 e du / 5. € 2 du / 5 € du.
— 0o — 0o — 0o

o 2 2 2
BLIAGAWIM TIOAHBIM KBaApaT IO « B IIOKAa3aTeAe 3KCIOHEHTHL u’ + 5o au = (u - %) + 7.
Torpa

$2 00 (EQ 00 (EQ 00 2

4 1 _(,_z)\2 4 1 2 1 4 1 .2 1 -4

fern(x) =e /%e (=3) gy = e /%e”dv:%/%e %e”dv:%/%e .
—c0 —00 -

[TochepHee PABEHCTBO BEPHO IIOCKOABKY IIOA HMHTETPAAOM CTOUT IIAOTHOCTH HOPMAABHOTO
pacipeaereHuss ¢ mapamerpamu 0 u %, TAaK 4YTO MHTErpaA HO Bcel TpaMol paBeH 1.
HTak, MBI IIOAYYUAH, YTO IIAOTHOCTb CYMMEI €CTh IIAOTHOCTH HOPMAABHOI'O PACIPeAEAeHUs C
napametrpamu 0 u 2. ]

Ecam cymMa ABYX HE3aBUCHMBIX CAYYaMHBIX BEAWYHH M3 OAHOTI'O M TOTO JKe pacIipejpene-
HUS (BO3MOJKHO, C Pa3HBIMU IlapaMeTpaMu) MMeeT TaKoe >Ke pacIlpepeAeHHe, TOBOPST, YTO
9TO pacupepeAreHre ycmolyuBo OTHOCUTEABHO CYMMUPOBaHUS.

B caepytolnux yTBEepKAEHUAX, AOKA3aTh KOTOPHIE IIPEeANATaeTCs YUTATEAIO, IEPeUNCACHBI
IpaKTHYeCKH BCe YCTOMUMBEIE paclipepereHusi. Ellle ¢ OAHUM M3 HUX (pacIpepeAeHueM x2)
YUTATEAb II0O3HAKOMUTCS B Kypce MaTeMaTU4eCKOM CTaTUCTUKU.

Aemma 4. [lycmb cayuaiinbie Beauuwunbnt § €11y, u n €11, nesaBucumel.  Torga
§+n € HA—i—u-
Aemma 5. [lycmb cayuatlinble Beauuunbl & € B, u n € B,,;, He3aBucumaL Torga

5"‘ n S Bn+m,p-

Aemma 6. [lycmb cayualiHble BeAUHUHbl § € N 02 u n € Ny, 2 nesasucumel. Torga
§+ n S Nm—l—ag,a%—i—a%'

AeMMy 6 MBI AOKa’keM IIO3AHEee, MCIIOAB3YS alllapaT XapaKTePUCTUYEeCKUX PYHKITUN, XOTI
IpY HEKOTOPOM TepPIeHUN MOJKHO IOIIPOOOBATh AOKA3aTh €€ C IIOMOIIbI0 (DOPMYABI CBEPTKH,
Kak B mpumepe 27.

IlokazaTeabHOE pacIpepereHNe He YCTOMYHWBO IO CYMMHPOBAHHIO, OAHAKO €TI0 MOJKHO
CUMTATh YACTHBIM CAy4YaeM raMMa-paclipepAeAeHus, KOTOPOe yKe B HEKOTOPOM CMEICAE YCTOM-
YMBO OTHOCUTEABHO CYMMHPOBAHUS.

53



Onpeperenne 38. ChyualiHasi BeAMuuHa  uMeeT 2amma-pacnpedesnerue I, \ ¢ mapameT-
pamu « > 0, A > 0, ecAn OHa UMeeT NAOTHOCTE paclipeAeAeHus

0, npu = < 0,
fg(l‘) - A—1_—ax
c-x" e npu x > 0,
oo o¢]
rAe IOCTOSIHHAsE ¢ BBIYMCAsieTcsl u3 ycaoBust [ fe(z)dr = ¢ [2*le™®®dx = 1, 10 ectp
—00 0
a

C—= ——.

I'(A)

3deco T'(\) = [2* e @de = (A — 1)[(A — 1) — eamma-¢pynryus Jinepa;
0
npu k yenoix I'(k) = (k—1)! v T'(1) =1.

3aMeTuM, 4TO II0OKa3aTeAbHOe paciipepesneHnue Ea €CThb I'aMMa-pacCIipepAeneHure Fa,l-

AemmMma 7. Ilycmb He3aBUCUMblE CAYHQUHBlE BEAUHUHHL &1, ...,&, uMeom NOKA3ameAbHOE
pacnpegerenue E, =Ty 1. Torga & +---+ &, € Lo

AoKazaTeAbCTBO. AOKa’keM YTBep)KAe€HUe O MHAYKUMHU. [Ipum n = 1 OHO BEpHO B CHUAY
paBeHctBa E, = I'y 1. [lycTh yTBepXAeHME AeMMBI CIIPABEAAMBO A n = k — 1. AokaxkeM,
YTO OHO BEePHO U A n = k. 10 IPEAIOAOKeHUIO MHAYKIMU Sy = §1 + - + &1 € Lo -1,
TO €CThb UMeeT IMAOTHOCTEL PacIIpeAeAeHUs

0, npu x < 0,
fSk,1 (1:) - ot k-2 ,—ax
m - %e ) mpu x > 0.
Toraa mo hopMyae CBEPTKU MAOTHOCTB CYMMEI S, = &1 + - - - + & paBHA
fs(z) = / fsi () fe, (@ —u) du = / ooy e fe, (2 — u) du.
—0o0 0 ‘
Tak Kak f¢g (r —u) = 0 mpu  —u < 0, TO €CThb IPXA u > T, TO IAOTHOCTB IIOA HMHTEIPAAOM

OTAWYHA OT HYAsI, €CAM IlepeMeHHasl UHTeIrpUPOBaHUs U3MeHseTcsa B Ipepenrax 0 < u < z.
ITosTomy

x T

_ ak_l k-2 —ou —a(z—u) du = e~ ak k—2 du = ak k-2 —oax
fSk(.'IZ')— mu e Qe u = e m’u 'I,L—m% e .
0 0
To ectb S, € Ty i, 9TO ¥ TPEOGOBAAOCH AOKA3ATh. O
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«ECAM S UMEFO OAMHAKOBBIE IAHCHI HA IMOAYYEHHEe a HAW b, TO I[eHa MOeMy OXKH-
AaHuio paBHa (a+b)/2».

Xpuctuau No#urenc, O pacuemax B a3apmuoti urpe (1657)

Pa3zpen 11. YUunchroBble XapaKTEPUCTUKU CAYYAaMHBIX BEANYNH

11.1 MareMaTn4ecKkoe OKMAAHUE CAYYAaTHOM BEANYMHBI

Omnpeaenenune 39. Mamemamuueckum oxcudarHuem EE (cpepHUM 3HaUEHUEM, TIEPBBIM MO-
MEHTOM) CAy4YaWHOM BEAWUYMHEBI { C AUCKPETHBIM paclpeAeAeHHEM, 3aAaBaeMbIM TaOAUIleN
P(¢ = a;) = p;, i € Z, HA3LIBAETCS YUCAO

E¢ = g a;p; = E a;P(§ = a;), ecAm yKaszaHHBIU pPsSA @OGCOAIOTHO CXOAUTCS.
i i
Ecam ke ) |a;|p; = 00, TO TOBOPSAT, YTO MaTeMaTHYeCKOe OKUAQHUE He cyujecmByem.
i

Omnpepenenue 40. Mamemamuueckum oxcudaHuem E & (cpepHUM 3HaueHHWEM, TTEPBBIM MO-
MEHTOM) CAyYYaMHOM BEAWYUHBI { ¢ aOCOAIOTHO HENPEepPHLIBHBIM pacIpepeAeHUeM C IAOTHO-
CTBIO PaclpeAeneHHs f¢(x), Ha3bIBAETCS YHCAO

[e.o]

E¢€ = / xfe(x)dr, ecAnm yKa3aHHBIM HHTerpar aGCOAIOTHO CXOAMTCS.

—0o0

o0
Ecau ke [ |z|fe(x) dx = oo, TO TOBOPSIT, 9TO MaTeMaTUYECKOe OKHAQHUE He cyuecmByem.
—0o0

MaTeMaTHuecKoe OKUAaHME UMeeT IPOCTON (PU3MYeCKU CMBICA: €CAU Ha IIPIMOM pa3Me-
CTUTh €EAMHUYHYIO MacCy, IIOMEeCTUB B TOUKM a; MAacCy p; (AAS AUCKPETHOTO PaCIpPeAeAeHUs),
UAHM «Pa3dMa3aB» ee C IAOTHOCTBIO f¢(x) (AAST aGCOAIOTHO HENPEPEIBHOTO PAcIPeAEAeHHs), TO
Touka E & ecTh KOOpAMHATA «IEHTPA TAXKECTU» TPSIMOMU.

IMpumep 28. TlycThb cAydaliHasi BeAMUMHA  PaBHA YUCAY OYKOB, BHITTAAQIOIIUX IIPU OAHOM
nopbpaceiBanny Kybmka. Torpa EE = Z k.- =3.5: B cpedHem npu odHom nodbpacsiBarHuu

6
k=1
Kybuka Beinadaem 3.5 ouka!

ITpumep 29. IlycThb caydyaliHasg BeAMYHHA £ — KOOpPAUHATA TOUYKHU, OPOIIEeHHOU Haypady
b

1 b
Ha oTpe3ok [a,b]. Torpa E& = /x - ——dx = oo

2 5 yeHmp msaxcecmu paBHOMEPHO20
—a

a
pacnpedenenus Ha ompeske ecmb cepeduHa ompeskal

11.2 CpoiicTBa MaTeMaTHYECKOT0 OKHAAHUS

Bo Bcex cBOMCTBAxX IPEAIIOAAraeTCs], 4YTO pacCMaTpUBaeMble MaTeMaTUYeCKUe OJKUAAHUS
CyIIeCTBYIOT.

E0. MareMmaTtuueckoe okupaHme cAydariHon BeAnunHbl ecTh HACAO!
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El. Ang npousBoabHOU (pyHKIUM g: R — R

Zg(ak)P(f = ag), €CAM paclpepeseHme £ AUCKPEeTHO;
k
Eg§)=4q 7
/ g(x) fe(x) dx, ecAn pacrpepereHre £ aBCOAIOTHO HeIPepLIBHO.
—Oo

AoOKazaTreAbCTBO. MBI AOKa’>kKeM 3TO CBOMCTBO (KakK M MOYTHU BCE AAABHEUIIINE) TOABKO AAS

AMCKDPETHOTO pacmupepereHus. [lycTb ¢g(§) mpuHUMAaeT 3HAYEHUS C1,C2,... C BEPOSITHOCTSIMU
P(g(§) = cm) = Z P({ = ag). Toraa
k:g(ak):Cm
Eg€) =) emP@& =cm)=> cm Y. Pl=a)=
m m k:g(ar)=cm
= g(a)PE = ar) = S gla)PE =ar). O
m k:g(ak)zcm k

E2. Mamemamuueckoe oxcudaHue nocmosHHol paBHo amol nocmosHHou: Ec = c.

E3.  [locmosHHyto modxcHo BeiHecmu 3a 3Hak mamemamuyeckozo oxcudanus:. E (c€) = cEE.

AokazareabcTBo. Caepyer u3 cBovictBa El npu g(z) = cx. O

E4. Mamemamuyeckoe oxcudaHue cymmeol Mt06bIX CAyqalinsblx Beauyur & u n paBHO cymme ux
MaAmemamu4ecKux oXCuoaHuU:

E(€+n) =ES+En

AOKa3aTeAbCTBO. AN BEAWYUH C AUCKPETHBIM pacHpeAeAeHUeM: IyCThb Ty U Y, — 3Ha-
yeHUs: £ U 1), COOTBETCTBEHHO. AAst PyHKIMHK g : R? — R MOJXHO AOKa3aTh CBOMCTBO, aHAAO-
ruunoe E1 (cdesame 3mo! ). TIoAB3ysICh 3TUM CBOUCTBOM AAS ¢(x,y) = = + y, 3aIULIEM:

E€+n =) (@ +un)PE=ai,n=ya) =D xr »_PE=zk0=1ya)+
k n

k.n

P(¢=11)

+> g > P(E=apn=yn) =EE+En
n k

P(n=yn)
]

ES. e Ecam £ > 0 m.H. («noymu HaBepHoe», mo ecmo ¢ BeposmHocmero 1: P(§ > 0) = 1),

To EE >0

e Ecam £ > 0 mH., u npu 3ToM E€ =0, To £ =0 m.H., TO ecTb P(( =0) = 1.
Ynpaxcuernue. [flokazame 015 duckpemHozo pacnpedesnerus!
ChaepcTBHE 12,
e Fcau ¢ <7mn.u, moEELEn.
e Fcau ¢ < 7mn.H., unpusmom EE =En, mo & =nnn

E6. Mamemamuueckoe oxcudarnue npousBedeHus He3aBucumblx caydyauHelx BeauyuH paB-
HO npousBedeHuto ux MamemMamuyeckux OXcuoaHul. ecam & W 1) HEe3aBUCHUMBI, TO

E(n) =EEEn.
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AOKa3aTeAbCTBO.

E(n) =D (@yn)P(€ = 2n =vn) = D2k Y ynP(§ = 21)P(n = yn) = ECEn.
kn k n
O

3ameyanue 19. OOpaTHoe yTBep>kpeHUHe K cBoUcTBY E6 HeBepHO: 13 paBeHCTBa
E ({n) = E¢En He cnedyem He3aBUCUMOCTH BEAUYHH & U 7).

Ipumep 30. Ilycts ¢ € Ugar, £ = cosyp, n = singp — 3aBeAOMO 3aBUCHUMBIE CAyYaWHBIE
BeAMuMHBI (dokazame)). Ho mMaTeMaTHdecKoe OKHUAAHME WX IIPOM3BEACHHs PaBHO IIPOM3Be-
AEHUIO MX MaTeMaTU4YeCKUX OKMAQHUMU: IO cBOMCTBY El

2 1 2 1
E§:/ — cosxdx =0, En:/ — sinzxdxr =0,
0 2T 0 2T

2w 1
Efnz/o 7 cosxsinxdr =0=EEEn.

™

11.3 MomMeHTHBI CTapIINX IIOPSIAKOB. Aucnepcust

Omnpepeaenne 41. Ecam E|¢]F < oo, To uncao
E ¢* maseiBaeTcs momermom nopsdka k (k-M MOMEHTOM) CAYYAHHOM BEAMYHHEI &

E|¢|* maswBaeTca abcomomuoim momeHmom nopsdka k (aGCOAIOTHBIM k-M MOMEHTOM)
CAY4YaWHOM BEAUYUHHI &;

E (¢ — E€)F HasBIBaeTCS YeHmpPanbHbiM MOMEHMOM Nopsdka k (IIE€HTPAALHEIM k-M MOMEH-
TOM) CAy4YaMHOUW BEAWYMHHI &;

E|¢ —E£|* nasniBaeTcst a6cosomHbim UeHmMPansHvim MomeHmom nopsdka k (aGCOAIOTHBIM
IIeHTPaAbHBIM k-M MOMEHTOM) CAYYalHOM BEAWYHHEI &.

Yucnro DE = E(¢ — E€)? (1leHTPaAbHBIM MOMEHT TOpSIAKA 2) HasblBaeTcst ducnepcuels
CAY4YaWHOU BEAWYMHBI &

ITpumep 31. [lycTh, cKakeM, CAydalriHas BeAWuMHa ¢ IIpUHUMaeT 3HadyeHue () ¢ BepodT-
HoCTBIO 1 — 107°, u 3Havenne 100 ¢ BeposiTHOCTBIO 10~°. [ToCMOTPUM, KAK MOMEHTHI Pa3HBIX
IIOPSIAKOB PEArupyloT Ha OOABIINE, HO MAaAOBEPOSTHBIE 3HAUEHUS CAYYAaMHOW BEAWUYUHHI.

E€=0-(1-107°)4+100-107°=10"%  E&=0%-(1-10"°)+100%*-107° =101

E¢t =0 (1-107°) +100* - 1075 =1000;  E&%=0%-(1—1075)+100%-10™> = 10000000.

Ipumep 32. Aucnepcus D¢ = E (£ —E¢)? ecTh «cpepHee 3HaueHHe KBAAPATa OTKAOHEHHUS
CAY4YaMHOU BEAWYMHEI £ OT CBOETO CpeAHero». ITocMOTpHM, 3@ YTO 3Ta BEAWYMHA OTBEYaeT.

[TycTb cAy4aliHasi BeAMYMHA & IpUHUMAaeT 3HaYeHWsi +1 ¢ BepoOsITHOCTBIO 1/2, a cAy-
yaliHas BeAMYMHA 7) — 3HaueHus +10 ¢ BeposTHOCThIO 1/2. Toraa E{ = En = 0, mosTomy
D¢ =E&? =1, Dy =En? = 100. ToBopAT, 4TO AUCIEpPCUsi XapaKTepU3yeT cmeneHb pa3bpoca
3HaUYeRUl CAy4QUHOU BeAUYUHbl BOKPYI ee MAmeMamuieckoro OKugaHus.

Ecau 20Bopume o pacnpedesneruu cayyaiiHold Beaudursl, Kak 0 pacnpedesneHuu eOuHUYHoU mac-

Ccbl no HeBECOMOMy CMEePI;HCHIO, MmO aucnepcu,q ecms B mo4yHocmu MomeHm uHepyuu 3moeo
CMEePICHA, 3aKpensi1eHHo20 8 yeHmpe masaxcecmu.
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Omnpepenenne 42. Ecam pAvcniepcus BeAWYMHBI £ KOHEYHA, TO YMCAO o = /D ¢ Ha3bIBaioT
cpedHekBadpamuyecKum OmK/AOHEeHUEM CAYIaiHON BEAWMYUHEI &.

YUToOBI IIPOACHUTE CBA3b MOMEHTOB PA3HBIX ITOPAAKOB, AOKAa>Xe€M HECKOABKO HEPABEHCTB.

TeopeMma 26 (HepaBeHcTBO MeHceHa).

IMycmb ¢pynkyus g : R — R Bninykaa (BHU3 :-)) )

. Torga gaa awbol cayuauinou
BEAUYUHbl £ C KOHEUHbIM NepBbIM MOMEHMOM

Eg(¢) > g(EC).

Ham moHapo0uTCSI CAepyrOlee CBOMCTBO BBINYKABIX (DYHKIUU (TO €CTh TAKWUX, UYTO AAS
ATOOBIX a < b mpu BcsikoM « € [0, 1] BepHO ag(a) + (1 — a)g(b) = g(aa + (1 — a)b)):

Aemma 8. Ilycmb ¢pynkyua g : R — R Brinykaa. Torga gaa Bcakoro y Haligemcs YUCAO
¢(y) makoe, umo npu Bcex x

9(z) = g(y) + c(y)(z —y).

AoKa3areabcTBO (mpepnroskeHo AeGeroBbIM ArekceeM, rp.871).

x —
[MoroxxuMm c(y) = infoL?gJ(y) > —oo. Torpa g(z) — g(y) = c(y)(z —y) npu =z > y.
AOKaykeM, 4TO 3TO HEpaBEHCTBO BEPHO U NpU = < Y, U 3a0AHO MOKaXkKeM, 4TO ¢(y) KOHEUYHO.

[Tycts 1 < y. Torpa y IPUHAAAEKUT OTPE3KY [r1;x2] AAST AOOOTO Xy > Y, TO €CTb
cymectByeT « € [0, 1] Takoe, 4TO

y=a- -1+ (1—a)- xg, y—an (14)
11—«

UAU  To =

Ho B crAy BBIIYKAOCTH (DYHKIIUU g

9(y) Sa-g(z1) + (1 - a)-g(z2), mam g@ﬁ>g@);?jmﬁ. (15)
BcnomuuM, uTo c(y) = infg,sy 9(z2) — 9(y)

U TIOACTABUM BMecCTO ¢(x2) M Ty BBIpaKEHUS,
2~y
cTofAIMe B IIpaBoM 4acTu popMya (15) u (14), COOTBETCTBEHHO:!

9(y) — ag(w1)
o g(x2) —g(y) e 90
cly) = lnf, ;2 —y ° 7 y—aa -

9(y) — g(x1)
y—x '

l—«o

[TocrepHee BhIpa)KeHHE 3aBEAOMO KOHEUHO, TO eCTh ¢(y) > —oo. Boaee TOTO, MBI ITOAYYUAH,
YTO TpeOyeMoe HepaBEeHCTBO BBIIIOAHEHO U AN T < ¥

c(y) > % AMAST AFOOBIX 17 < y, TO ecTb ¢(x1) = g(y) + c(y)(z1 — v).

AoKa3aTeAbCTBO TeopeMbl 26.  BosbMeM B ycroBusix AeMMbl y = EE, © = €. Toraa g(&) >
g(E&) + c(EE)(€ — EE). BrlumMCcAMM MaTeMaTHYeCKOe OJKMAaHUe 0OemX JacTel HepaBeHCTBaA.

Tak Kak E (£ —E¢) = 0, 1 HepaBeHCTBO MeXXAY MaTeMaTHYEeCKUMU OKUAQHHUSIMU COXPAHSIETCS
o caepctBuio 12, to Eg(&) > g(EE).

O

CAGAYIOH_IGG CBOMCTBO ITOKAa3bIBaeT, UTO U3 CynieCTBOBaHUA MOMEHTOB OOABIITNX IIOPAAKOB
CaepyeT CynjeCTBOBaHMEe MOMEHTOB MEHBIIINX ITOPSIAKOB.
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Caepctue 13. Ecau E |¢|' < 0o, mo gas ato6oro 0 < s < t
(ElEf)" < (El¢))’

Aoka3zaTeAabcTBO. [TockoabKky 0 < s < ¢, TO g(z) = \:r:|t/ ® — Boimykaast GyHKIus. [lo
HepaBeHCTBY Mencena aast ) = [€]°,

g(Em) = (En)'/* = (E|¢*)* < Egln) =E|n|"/* =E|&""/* = E|¢['.
BOSBe,A,E[ o6e JacTu HepaBeHCTBa B CTelIleHb S, HOAyTII/IM Tpe6yeMoe HepaBeHCTBO. D

B yacTHOCTH, KOHEUHOCTb BTOPOIO MOMEHTA (MAU AMCIIEPCHUM) BAECUET CYIIeCTBOBAHUE
MaTeMaTUYeCKOI'0 O>KUAQHMUSI.

CaeactBue 14. Ecau E|¢|* < 0o npu nexomopom k > 1, mo E €] < /E |¢[F.

11.4 CsoiicTBa AuUCIIepCHH

Bce cBOMCTBA AMCIIEPCHU CAEAYIOT U3 COOTBETCTBYIOIIMX CBOMCTB MaTeMaTHYeCKOI'o
O>KUAQHUS.

DI. D¢=E&— (E€)2
AeiiCTBUTEABHO,
DE=E(§—EE” =E (- 26E¢ + (E)) = EE —2E€EE + (E)* —EE2— (EQ)”. [
D2. D(ct) =c2DE. fokazame!

D3. e DE>O;

e D¢ =0 ecau u TOABKO ecau & = const T.H.

AoKa3zaTeAbCTBO. Auclepcus eCcTb BCero-HaBCero MaTeMaThdecKoe O’KHAaHWe IIH.
HeoTpHUIaTeAbHOM c.B.: D¢ = E (¢ — E€)?, 1 HEOTPUITATEABHOCTh AMCIIEPCHH CAEAYeT U3 CBOM-
ctBa EJ.

ITo ToMy e cBOHCTBY, D& = 0 ecAn u ToAbKO ecart (€ —E€)? =0 mu., To ecTb & = ¢ mu. [

D4. Awucnepcusi He MeHSIeTCsS OT CABUTa C.B. Ha HocTostHHYI0: D ({ +¢) =D fokazames!

D5. Ecau € u 7 HesaBucumbl, 1o D (€ +171) =D&+ Do,

AeNCTBUTEABHO,

D(E+n) =E(E+n)?— (E(E+n)? =EE +En*+2E(&n) — (E€)> — (En)>—2EEEn = DE + Do,

TakK KaK MaTeMaTUYeCKoe OJKUAAHMEe MPOU3BEASHUS He3aBUCUMBIX C.B. PAaBHO IPOU3BEACHUIO
WX MaTeMaTHUYeCKUX O’KUAAHUU. O

3aMmeuvanue 20. Cwm. 3aMeyanue 19.

D6. MuHUMYM CpepAHEeKBaAPaATUUECKOTO OTKAOHEHHUSI CAYYaWHOMN BEAMYUHE! £ OT TOUEK Be-
LIECTBEHHOU MPSIMOM €CTh CpeAHEeKBaApaTUYeCKoe OTKAOHeHUe & OT CBOero MaTeMaTu-

geckoro oxxupanust: D& =E (¢ —E€)? = minE (¢ — a)?.

HaumeHowuii momenm uHepyuu cmepicHs ¢ pacnpedeseHHol Ha Hem eOUHUYHOU Maccol noay-
yumcs, ecau moyka BpaweHus — UeHmp MaXCcecmu CMepPXCHs, a He /bas opyaas mMoyKa.
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AOKa3aTeAbCTBO.

E(¢—a)’ =E((¢-EQ)+(EE—a)’ =
—Dé+ (E€—a)’ +2E(¢ —E&)(E€ —a) =D&+ (E¢ —a)’ > D,
N——

0

IIpuYeM PaBeHCTBO AOCTUTAETCS TOABKO A a = E&. ]

11.5 MaremaTnyecKue OKMAQHUS M AMCIIEPCUN CTAHAAPTHBIX pacIpeAeAeHn

ITpumep 33. Pacnpedenerue bepryniu By,
E¢=1-p+0-q=p; E&=12-p+0>-q=p; DE=EZ—-(E’ =p—p*=pq
IMpumep 34. buromuansHoe pacnpedenexue B, ,

Bocnoab3yeMcsl CBOMCTBOM YCTOWYMBOCTH OWHOMMAABHOTO PACIPEAEACHUS OTHOCUTEABHO
CYMMMPOBaHHUSA — AeMMOM 5. Bo3bMeM n He3aBUCUMBIX CAYUYaWHBIX BEAUYMH &1, .. .,&,, UMe-
oYX pacupeperenre Bepayau B, = By ).

Torpa ux cymma S, = & + ... + &, uMeeT pacupeperenue B, .

ES, =) E& =nE& = np,

i=1

TaK KaK BCe éz OAVMHAKOBO PACIIPEACACHEBI U UX MAaTeMaTHu4YeCKOoe OXHUAAHKEe PABHO p,;

DS, =) D& =nD& = npg,

i=1

IIOCKOABKY &; HE3aBUCHUMEI U AVCIIEPCHs KaXKAON paBHa pq.

IMpumep 35. [eomempuyeckoe pacnpedeserue G,

ITpu p € (0,1)
[ee) [ee] [ee] o0 !
E¢=) k-p*'=p-> k"' =p-> (¢F) =p- <qu> =
k=1 k=1 k=1

o (Be) - () o) 5

PaBercmBo (*) nosBunoce u3-3a HexcenaHus oughghepeHyupoBames cymmy 2eomMempudecKol npo-
epeccuu, HayuHatouelics He ¢ 1, a ¢ q. 3amemome, ymo npou3BooHas y 006aBAEHHbIX C/a2aeMbIX
paBxa 0, mak ymo npouszBodHele om 3mux 0Byx cymm pPaBHsl.

EC = D K pd* =p Y k(= 1)¢" " +p- ) k¢" T =pg- > k(k—1)¢" P +EE =
k=1 k=1 k=1

k=1

(e}

0 2
= Z q +E¢=pq- (Z;—qz(qk)>+E£=
k=0

k=1
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2 1 1 2g—1
MosTomy D§:E§2—(E§)2:—g+___:q7+p:%.

p p P p p
ITpumep 36. Pacnpedenerue [lyaccona 11y
e T U =N UG L
E§:Zk-ge =e Zk-gze Z(k:—l)!:
k=0 k=1 =
o o0
A=l A
— oA ) A\
= Ae Z(k_l)‘_xe Zﬁ_x =\
k=1 7=0
Jokazame, umo E€2 = X2 + )\, mak yumo D¢ =\
IMpumep 37. PaBHomepHoe pacnpedenerue U,
[e'¢) b 1 b
a+
Eﬁ—/a:fg(a:)da:—/xb_adx— 5
3 b 1 b3 3 2 b b2 (b )2
- + ab + —a
Fe2 — 2 :/2 _ a _a . —E£2_ (E£)? = .
¢ [ #a)in = [0 e = S - TEEEE pemEg - (@ - U

IMpumep 38. CmarndapmHoe HopmaneHoe pacnpedenerue Ny i

o oo 1
E —/:L' xdw-/x—e‘xgﬁdaﬁ—o,
3 fe(@) Nors
—00 —0o0
TTOCKOABKY TIOA MHTETPAAOM CTOUT HedeTHast (PYHKITUS, ¥ CaM UHTerpaA abCOAIOTHO CXOAUTCS
(3a cueT OBICTPO yOBIBarOIEN e‘x2/2).
o0 oo [e¢]
1 2 1 2 1 2
E2:/ZL‘2 e_$/2dac:2/x2 e_m/zdx:2/x de /2 =
; V2T V2T V2T
—00 0 0
1 o 7 1
= —2x e~=/2 +2/—612/2da;:1.
ous 0 / V2m
0 1

o0 [e.@]
2 2
I1 H BEHCTB T U3 TOTO, 9uTO 2 [ —— e % /2y = L e=27/2 WHTEeT
OCAeAHee PaBeHCTBO CAEAYeT M3 TOro, 4TO bfme dx i 7oz © dz, a erpan
IO BCeM MPSIMOM OT MAOTHOCTU /06020 pacnpepereHus paBeH 1. TToatomy

DE=EE?—(E€)?=1-0=1.

IIpumep 39. Hopmaneroe pacnpedenerue N, ;2

Mgt 3Haem, uto ecau § € N, 52, TO ) = §—_a € No,1, m En =0, Dn = 1. TToatomy
g

E¢=E(on+a)=0En+a=a; D¢ =D (on+a)=0’Dn=0c° (16)
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Kakumu cBolcmBamu mamemamuyeckoz2o oxcudanus u oucnepcuu mel Bocnosns3oBanuce
8 gpopmyse (16)?

IIpumep 40. /[lokazamensHoe (3kcnoneHyuansHoe) pacnpedenerue E,

HatiaeM anst mpous3BOABHOTO k € N MOMeHT mopsipka k.

Eek — k d:/k —az g :_/ koo gag) = o,
13 /:1: fe(x) dx ae v =7 (ax)e (ax) o
—00 0 0

B nocaepHEM paBeHCTBe MBI BOCIIOAB30BAAUCH raMMa-(QyHKIMEN DUAepa:

oo
['(k+1) = [ufe *du= k! CoorBercTBeHHO,
0

1

a?’

E€ =, DE=EE - (€8 =

1
«a

E¢=

Ipumep 41. Cmarndapmuoe pacnpedenernue Kowu Cg

Pacnpeperenne Komm. ToBopsT, 4To € mMeeT pacupeaereHue Komm ¢ mapaMeTpaMu a, o2
rae a € R, 0 > 0, u nuiyT (1o KpaliHel Mepe MbI Tak Oyaem nucath) § € C, 2, ecan

fe(z) =

(0?2 + (z — a)?)

AT Bcex  x € R.

Pacnpeapenenue Koim mmeeT, HanlpuMep, abCIycca TOYKU IIepeceuyeHrsl Ayda, IIOCAQH-

HOTO U3 TOYKH (a, ) TIOA HayAady BEIOPAHHBIM YTAOM ¢ € U_r /5 2/, ¢ ockto OX. Imo
nonesHo dokasames!

MareMmaTrueckoe OKHUAaHUE AAS pacnpepereHrs Kolliu He CyllecTByeT, TOCKOABKY

T 1
£kl | bl i

PacXOAUTCS (HOABIHTErpaAbHasi (DYHKIUS BeAeT ceOs Ha OECKOHEUYHOCTH Kak 1/x).

ITpumep 42. Pacnpedenerue lMapemo

Pacnpepenrenue Ilapero. ['oBopsT, uTo £ uMeeT pacnpepereHue [lapeTo ¢ mapaMeTpaMu g,
s, TAe g > 0, s > 0, ecamn
X S
1-— (70) , X > Z0,
Fe(z) = x
0, T < Zg.

xS
S —0
A fe(x) =< st
0, T < x.

T 2 Xo;

Yy paciipepeneHUr s HapeTo CYILIECTBYIOT TOABKO MOMEHTBI ITOPAAKA U < §, IOCKOABKY

[e.o]

E(|“= [ = sxSHda:

zo

CXOAUTCS IPU u < S, TO €CTb KOTAQ TOABIHTErparbHasA PYHKIMA Ha O€CKOHEYHOCTH GecKo-
HEYHO MaAa 10 CpaBHEHWIO ¢ 1/x.

llocuumame momeHm nopsdka u < s pacnpedenerus llapemo. [lpu kakux s y amoeo pacnpe-
desnenus cyuyecmByem oucnepcus?
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Pa3pen 12, UncaoBble XapaKTEPUCTUKM 3aBUCUMOCTH CAYYalHBIX
BEAUYNH

12.1 YeMm oTAHMYAETCS AUCIIEPCUSI CYMMbBI OT CYMMbI AMCHEPCHUIi?

MBI 3HaeM, 4TO AAS HE3aBHCHMBIX C.B. C KOHEUHBIMU BTOPBIMKX MOMEHTAMHU AUCIIEPCHUSA WX
CyYMMEBI paBHA CyMMe uX AHCHepCI/IfI. ‘{eMy PaBHaA pAUCIIepCusi CyYMMEI B OGLU;eM Cquae?

D(E+n) = E@€+n?— (EE+n) =EE@+n*+2n) — (E€)>— (En)” - 2E¢En =
= D¢+Dn+2(E(En) —EEEn). (17)

Beanuwnna E (€n) — EEEn paBHSIETCS HYAIO, €CAM CAydYalHBIE BEAWYUHB { U 7) HE3aBUCHU-
MBI (cBoiicTBO E6 MaTeMaTmueckoro okupaHusg). C ApyTOM CTOPOHEI, U3 PABEHCTBA €€ HYAIO
BOBCe He CAeAyeT He3aBUCHMMOCTh, Kak MmokaseiBaeT mpuMep 30. OKa3bIBaeTCs, YTO 3Ty BEAU-
YUHY 9aCTO MCIIOAB3YIOT KaK «MHAMKATOP HAAWYNS 3aBUCHUMOCTU» Iaphl C. B.

Onpepenenue 43. KoBapuayuel cov(E,n) CAyIalHBIX BEAUYHH £ U 1) HA3BIBAETCS YUC/I0
cov(&,m) =E((¢ —E&)(n—En).
CsoiictBo 12. cov(&,n) =E((€—E&(n—En)) =E(¢&n) — EEEn.

YapaxHenue 19. AokasaTb CBOMUCTBO 12, IOAB3YSICh CBOMCTBAMYU MaTEMAaTUYECKOI'O OXKU-
AQHUS.

CeoiictBo 13. a) cov((, &) =D, 6) cov(&,n) = cov(n,§).

CaoiicTtBO 14. Aucnepcus cymmbl HECKOABKUX CAYUQUHbIX BEAUUUH BblUUCASIEMCA NO A060U
u3 cAegyrouwux opMyA:

D(&i+...4&) = Y D& + Y cov(&,&) = D D& + 2 cov(&,&) = D cov(é, &),
=1 i=1 ,J

1#] 1<
Yropaknenne 20. AokasaTb CBOUCTBO 14, IOAB3YSCHh pPAaBEHCTBAMU
(a+b)? = a®>+b*+ab+ba = a®>+b>+2ab = aa+bb+ ab+ ba

" IIOAYYUB dHAAOTMYHBIE PABEHCTBA AAST KBAAPATA CyMMBL 17 CAAr'a€MBIX.

O6cypuM AOCTOMHCTBA M HEAOCTAaTKM KOBapUalliM, KaK BEAWUYUHEB!, XapaKTepusyrollel
3aBUCHUMOCThH ABYX C. B.

1. Ecau koBapuanus cov(&,n) OTAUYHA OT HYAS, TO BEAUYUHEI £ U 1) 3aBucumel!

2. C rapaHTHell O HAAUUUU 3aBUCUMOCTU MBI MOJXKEM CYAUTb, €CAU 3HaeM COBMECTHOE

pacipeAeAeHue Iapsl € U 7, U MOKEM IIPOBEPUTH, paBHa AU (HapuMep) INAOTHOCTb COBMECT-
HOTO paclpepeAeHNsd IIPOU3BEAEHUIO TAOTHOCTEN.
Ho HaiTu COBMEeCTHOE paclIpepeAeHHe Y4aCTO OBIBAaeT CAOJKHee, 4eM IIOCUMTATh MaTeMaTH-
yeckoe OXkKmpaHue npousBepeHud & u 7). Ecau HaM moBeseT, U MaTeMaTH4YeCKOe OJKHUAAHUE
NIpOU3BeAeHUd £ U 1) He OyAeT PaBHATHCS IIPOM3BEAEHUIO UX MAaT. OKMAQHUM, MBI CKa’keM,
yTO £ U 1) 3aBUCUMBI HE HOX00S X COBMECTHOI'O pacIipepeAeHwust!

ITpumep 43. IlokarkeM, UTO C ITOMOIILIO0 KOBapHaIlUl MOKHO CYAUTH O 3aBUCUMOCTHU Aa-
>Ke KOTAQ AASL BBIYMCAEHUSI COMECTHOI'O paclpeAereHUsT HEAOCTATOYHO AAHHBIX.

IMyctb € 1 n — He3aBucumsie CAydaliHble BEAMYUHE], U AUCTHEPCU £ OTAUYHA OT HYAd (mo
ecms?). NokaxkeM, uTO & U £ + 1) 3aBUCUMEIL.

E(6(E+m) =EE +E(n) =B +EEEn; ECE(E+n) = (EE*+ECEN. (18)
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TMoaTomy cov(E, & +1n) = E€2 +ECEn — ((E€)* +EEEn) = DE > 0. CaepoBaTensro, & 1 & + 1
3aBUCUMBEIL.

3. JKaab, uTo BeAmumHa cov(,n) He SIBAsSeTCs «Oe3pa3MepHOi»: ecan { — oObeM rasa B
COCyA€, @ 7 — AABAEHME 3TOrO rasa, TO KoBapuanus uaMepsercsa B KyooMerpaxxIlackaam ).
HHuaye roBopd, IpU YMHOKEHUU OAHOW U3 BEAWUYHH &, 77 Ha KaKOoe-HUOYADb YMCAO KOBapUalus
TO’Ke YMHOJKaeTCsd Ha 3TO uucAo. Ho yMHO>KeHUHe Ha YMCAO He CKa3bIBAaeTCsl Ha «CTeleHU
3aBUCUMOCTH» BEAWYUH (OHM OT 3TOTO «OOAee 3aBUCHUMBIMHU» HE CTAHOBATCS), TaK UYTO
OOABIIIOE 3HaUeHMe KOBapuallui He 03HauaeT 00Aee CUABHOUW 3aBUCHMOCTH.

Hy>xHO Kak-TO HOPMHPOBAThH KOBApHAIIWIO, IIOAYYMB U3 Hee «Oe3pa3MepHYIO» BEAUYUHY,
abCoOAIOTHOE 3HaueHUWe KOTOPOU

a) He MEeHSAOCH OBl IPU YMHOXKEHUN UAM CABUI'€ CAYYaVHBIX BEAWYMH Ha YUCAO;

0) CBUAETEABCTBOBAAO OBI O «CHAE 3aBUCUMOCTHU» C. B.

loBops o «cunes 3aBucumocmu mexcoy c. B., moi umeem BBudy caedyrwuiee. Camas
cunoHas 3aBucumocms — GDYHKUUOHAAbHAS, A U3 QPYHKUUOHAAbHBIX — AUHEeUHas 3a6u-
cumocmes, koeda & = an + b n. H. BeiBarom eopazdo 6osee caaboie 3aBucumocmu. Tak,
ecsu no nocaedoBamesvHocmu He3aBucumelx cayqalimelx BeauyuH £1,&o, ... NOCMPO-
ume Beauyurol § = §1 + ... +&oq + o5 U = &5 + 26 + ... + g0, MO 3mu Besnudursl
3aBucumel, HO o4eHb «c1abo 3aBucumsly: yepe3 00HOo-eduHcmBeHHoe obuwee crazae-
moe o5, CunbHo u 3aBucumsi yucao 2ep6oB B nepBuix 25 nodbpaceiBaHusx MoHeMbl U
yucsno eepb6oB B mod xe cepuu, Ho B ucneimaHuax ¢ 25-20 no 90-e?

HTak, caepyioljasgs BeAWUYMHa €CTh BCETO AWIIL KOBapualusa, HOPMHPOBAHHAA HY>KHBIM
obpazoM.

12.2 KosrpdpuuueHT KOppeasanuu

Omnpepenrenne 44. Kosgpgpuyuenmom koppeasyuu p(€,1n) CAYIaUHBIX BEAUYUH & U 1), AUC-
IIepPCUU KOTOPHIX CYIIECTBYIOT U OTAWYHEI OT HYAS, Ha3bIBAETCS YUC/O

_ cov(&,n)

3ameuanue 21. UYTOOBI pasrAgpeTbh «yCTPOUCTBO» KO3(PPUIIMEHTA KOPPEAAINH, PaCIu-
IIeM TIO ONIPEAEAEHUIO YUCAUTEAD U 3HAMEHATEAD:

o) = E((¢- Ei)(n— En)) y
VE(E—EQ E(Mm—En)

30ece mamemamukam ymecmrHo npoBecmu aHan02uu C «KOCUHYCOM yena» mexcoy 0Byms sae-
mMeHmamu eunbbepmoBa npocmparcmBa, 06pa308aHH020 CAYYalHbIMU BeAUYUHAMU C KOHEYHbIM
BmopeIM MOMEHMOM, CHABXCEHHO20 CKAAAPHbIM npou3Bederuem cov(E,n) u «Hopmol», paBHol
KOPHIO U3 ducnepcuu cay4altinol BeauduHsl, uau KOPHIO U3 CKasgpHozo npousBederus cov (€, §).

ITpumep 44. PaccMoTpuM HpopOAKeHMe npuMepa 43, HO IIycTb £ U 1) OYAYT He TOABKO
He3aBUCUMBIMHM, HO U OAMHAKOBO PAaCIpPEAEA€HHBIMM CAYYaWHBIMHA BEAWYMHAMHU, U UX AWC-
nepcus OTAWYHA OT HyAsA. HatiaeMm xkoadpdpuitueHT Koppeadnuu BeAuunH & u € + 7. CoraacHo

dopmyae (18),
cov(,§+n) =B +ECEn— ((EE)+EEEn) = EE* — (E€)* = D¢,
ITosTomy

_ cov(&E+m) D¢ DE 1
VDEeyD(E+n) D&/DEFDy  VDEYDE V3

p(&,&+n)
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Huadge roBops, KO3PUIIMEHT KOPPEAInmU BeAWduH & U £ + 1 paBeH KOCUHYCY yraa 45°,
00pa3oBaHHOIO «BeKTopaMu» & u & + 1, rae «€ L n» U UX «AAMHa» OAMHAKOBA.

VipakHenue 21. UYToOBI aHAAOTMS He 3aXOAUAA CAUIIKOM AAAEKO, U Y UUTATEeAsd He BO3-
HUKAO HCKYUIEHUS AIOOBIEe CAyYalHBle BEAMYHWHBI PHUCOBATH CTPEAOYKAMM Ha IAOCKOCTU U
BMeCTO IIOACYeTa MaTeMaTUYeCKUX OXKMAQHUM U3MepSTh YIABL, IIpepraralo yoepuThCs, Ha-
npuMep, YTo KO3 MUIHEHT KOPPEAIIUY BeAndnH & U {2 paBeH:

a) HyAIO, eCAU ¢ UMeeT HOPMaAbHOE paclipepeAeHre C HYAeBBIM CPEeAHUM;

6) 2//5, ecan € IMeeT MOKa3aTeAbHOEe pacHpeAereHHte C AIOOBIM HapaMeTpPOM.

Omnpepenenne 45. Cay4yalilHble BEAWUYUHBI & M 1) HA3BIBAIOT HEKOPPENUPOBAHHbIMU, €CAU
cov(&,n) = 0 (uam ecam p(§,n) = 0, — B TOM cAydYae, KOrA@ KOI(DPUIIMEHT KOPPEASIuU
CYILIECTBYET).

3ameuanue 22. Ecam opHa M3 BeAnuwH £ U 1) — IOCTOSIHHASI, TO 9T BEAHMYHWHBI HE3aBU-
cuMbl (npoBepume no onpedenenuro!), u cov(&,n) = 0 (npoBepume no onpedeneruro!). Ecre-
CTBEHHO B 3TOM CAydYae TOYKe MOAAraTh, YTO £ U 1) KHEKOPPEAUPOBAHBI», XOTsI KOA(PPUITUEHT
KOPPEASIINU He OIIPEAEAEH (AUCIIepCUS MOCTOSHHOM paBHa 0).

YrnpakHenue 22. A 4TO OyAET, €CAM AOOIPEAEAUTH KO3(P(DUIIMEHT KOPPEAILIUU HYAEM,

€CAM XOTs OBl OAHA M3 BEAMYMH — IOCTOsSTHHAsi? Ilpeaaararo moayMaTh, KaKUMH AOCTOWH-

CTBAMHU N HEAOCTATKAaMH OGA&AaeT TaKOe «PACKpPBITHE HEOIIPEAEAEHHOCTH THIIA 8».

12.3 CsoiicTBa Kod(dPuimeHTa Koppeasanuu

Bcroay panee crielMaabHO He OTOBAPUBAETCS, HO IIPEAIIOAATAETCs, 9YTO KOIPDUIIMEHT KOP-
PeAIIAN CyIIeCTBYeT.

Teopema 27.

Kospguuuenm koppeaayuu obragaem cAegyrowjuMu CBOUCMBAMU.
1. Ecau c. B. £ u n He3aBucumsl, mo p(&,n) = cov(&,n) = 0.

3. [p(&,m)| =1, ecau u moabko ecau c. B. £ u 1 ¢ BeposimHoCcmblO 1 AuHEUHO CBA3AHbL,
m.e. cywecmByrom uucaa a # 0 u b maxue, umo P(n =al +b) = 1.

AoOKa3aTreAbCTBO.

1. CsoticTBO 1 MBI y7Ke MHOTO pa3 (CK0/6K0?7) YIIOMHUHAAW M OAWH Pa3 AOKa3aAu.

2.  AAd AOKa3aTEeAbCTBA 2 HaM HOHAAOOUWTCS OAHO IIpeoOpa3oBaHMe, Ha3bIBAaeMOE «CMaH-
dapmu3sayuely CAy9alilHOM BEAMYMHBI: C €ro MOMOIIBIO U3 C. B. C KOHEYHBIM BTOPBIM
MOMEHTOM (He IOCTOSHHOM) MOAYYAIOT C. B. C HYA€BBIM MaTeMaTUUYECKHUM O’KHAAHUEM
(«yeHmpupoBarHHyo») 1 EAMHUYHON AMICIEPCUEN («HOPMUPOBAHHYIO»).

Omnpeperenne 46. [lycts DS KoHeuHa u OTAMYHA OT HyAsl. OIpeAeAuM CAYYauHYIO Be-
AWUYUHY £ TaK:
§—E¢
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[TpeoGpasoBanue £ — £ Ha3BIBAETCSI CMAHOApMu3ayueld CAyJaHOM BEAWYUHH &, a caMa C. B.
€ Ha3bIBaeTCs cmaHodapmu3oBarHHol, uau (CA3HT!) yenmpupoBaHHol u HopmupoBaHHOU Bepcuen
c. B. &

YopakHenue 23. OOSACHUTH, OYAET AU pacIpepeAeHUe £
a) HOpMaAbHEBIM, €CAU £ paclpeAeAeHa 10 HOPMAAbHOMY 3aKOHY;
0) paBHOMEDHBIM, €CAU £ UMEeT PAaBHOMEPHOE pAaCIpEeAEAECHUE;
B) OMHOMMAABHBIM, €CAU £ UMeeT OMHOMUAABHOE paclipeAeAreHle;
) IOKAa3aTeABHBIM, eCAH  UMeeT IoKa3aTeAbHOEe pacIlipeAeAeHUE;

(1 T.A.)

CaoiicTtBO 15. Cmangapmu3oBaHHAs €. B. £ uMeem HyAeBoe MameMamuyieckoe oXugaHue
U egUHUYHYI0 guCnepcuro.

AOKa3aTeJ\bCTBO. BOCHOABSYQMCH CBOMCTBaAMU MaTeMaTH4YeCKOTO OXXUAQHUA U AUCIIED-
CHUun:

EE:E(g_E£>: ! E(-E¢= ! (E€—E& =0;

vD¢ vD¢ vD¢
- £ — Eg) 1 1
Df—D< = D(—Ef)=—De=1.
VD¢ D¢ ( D¢
He 3a6ydeme y kaxcdozo 3Haka paBencmBa Hanucame, B cuny kakozo cBoiucmBa, ymBepicdeHus unu
onpedeseHus smo paBeHcmBo BepHo! ]

Bos3Bpamasacs K A0Ka3aTeAbCTBY 2, 3aMEeTUM, YTO

CE(E-EQMm—En) _ ((E-EOm—-En)\ . (-
e == pesy e (e ) e (6)
rae é: SJD—ES un= 77\;D_E7777 — CTaHAAPTHU30BaHHBLIE BEPCUM C. B. £ U 7).

1
Teneps Bocnoab3yemcst HepaBeHcTBOM 0 < (a — b)? = a? — 2ab + b%, uau ab < §(a2 + b2).

HOACTaBI/IM f BMeECTO a, ﬁ BMeCTO b 1 BO3bMEM MaTeMaTHudecKue OJXKUAQHUA OT obeunx yacTeu
HepaBEeHCTBaA.

p(€,n) =E (5%,) < % E (§2+f772) :% <D£+ (E§)2+D{7+ (5{7)2> _ %.2 —1. (19

1
[ToAB3YSICH TOYHO Tak ke HepaBeHCTBOM 0 < (a + b)? = a® + 2ab + b?, vAn ab > —§(a2 +b?),
TOAYYHM

plem =E (€7) > 5 E(E4i) =5 2=-1 (20)

Takum o6pasom, |p(§,n)| < 1, uTo u TPeGOBAAOCH AOKA3ATh.

3. B 0AHY CTOPOHY YTBEPIKAEHUE MPOBEPSIeTCST HeIOCPEACTBEHHO:
BocnoabzoBamecs cBolicmBamu mMamemamu4ecKoeo oxuoaHus u oucnepcuu u 0oKkazams, 4mo

1, a>0;

p(§; ag +b) = {1 00

He 3a6ydeme, umo v a? = |a|, a He npocmo a!
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AOKa’keM BTOPYIO 4acTb: ecAd |p(&,n)| =1, To cymjecTBytoT uucaa a # 0 u b Takue, 4TO
P(n=a&+b)=1.
PaccmorpuM cHadanra caydai p(€,77) = 1. OTO BO3MOKHO TOABKO €CAU E€AMHCTBEHHOE

- 1 9 -
HepaBeHCTBO B popmyAae (19) nmpespaijaerca B paBeHCTBO: E (§ 77) =3 E <§2 + 772>, UAU

-2
E (g - 77) —0.

Ho mo cBorictBy E5 MaTeMaTH4eCKOro OKMAQHUSA PABEHCTBO HYAIO MAT. O’KUAQHUSA HEOTPHU-

LIaTEeABHOM C. B. O3HAyaeT, YTO 3Ta BEAMYMHA II.H. PaBHA HYAIO:

P(é—ﬁz ) =1 = P<5\;D£;="\;D£77">—P<n=g —\/%—E£+En>~

b

B cayuae p(§,n7) = —1 HY>KHO pacCMOTpeTb eAMHCTBEHHOE HepaBeHCTBO B hopmyae (20)
U IOBTOPHUTH pacCyXAeHmusd. TeM caMBIM TeopeMa 27 AOKa3aHa. O

IToae3HO 3HATH CAepyIOIre 9acTo ynOTpQGA}IeMBIe TEePpMUHEI.

Onpepenenne 47. ['0BOPAT, UTO BEAWUUHEBL £ U 1) OMPUUAMENbHO KOPPEeAUpoBaHsl, eCAn
p(&,m) < 0; TOBOPSIT, YTO BEAUUUHEL £ U 1) NONOHCUMENLHO KOppenupoBarsl, ecau p(&,n) > 0.

CMBICA 3HaKa KO3 dUIMeHTa KOPPeAsuyu 0coOeHHO siceH B caydae p(§,n) = £1. Toraa
3HaK p paBeH 3HAaKy a B paBeHCTBe 1) = af + b m.H. To ectb p({,n) = 1 o3HauaeT, 4TO 4eM
Goabiie £, TeMm Goabiie u 7. Hampotus, p(£,n) = —1 o3HauaeT, 4yTO 4eM OOAbIIe &, TeM
MeHbIlle 7). IToxoXuM o0pa3oM MOJKHO TPAKTOBAaTh 3HAK KO3 (UIITMEHTa KOPPEAIIIUU U B
caydae, Koraa |p(&,n)| < 1, HOMHS TIpU 3TOM, YTO 3aBUCUMOCTDb BEAWYUH £ U 1) TEIleph yKe He
AMHeMHasa U, BO3MOXXHO, AdaXKe He (PYHKIMOHAAbHAS.

Tak, BeanuuHbl £ U € + n B npuMepax 43 u 44 HOAOKHUTEABHO KOPPEAMPOBAHEI, HO UX
3aBUCHUMOCTh He (pyHKIIMOHAABHAS.

ITIpnmep 45.
Ecam c. B. £ U 7 eCTh KOOPAUHATHI TOUYKH, OPOIIEHHOU Ha-
yAauy B TPEYTOABHHK C BepmmHamu (2,0), (0,0) u (0,1), To 1 &n)
KO3 PUITUEHT Koppeasdnuu p(&,n) OoTpUllaTeAeH. IDTO MOXK- 2
HO OO'BSICHUTB «Ha MaAbIlaxX» TakK: Yem 6osvwe £, mem mMeHbwe y AN
y n BosmosxcHocmel 6bime 6osbwod. :-) Tlpeprararo yOEAUTHCS
B 3TOM, IIPOBEPUB CIIPABEAAMBOCTE CAEAYIOIINX BHICKA3bIBa- -
Hul. Bo-nepBhIX,

x
1——=, 0<2<2 2 2—2y, 0<y<1; 1
fe(x) = 2 EE=2 fuly) = En=z.
0, UHaye ; 3 0, uHaye ; 3

Bo-BTOpBIX,

coBmecmHoe pacnpedeseHue KoopouHam mouyku, 6poweHHoud Haydauy B npouszBosbHyo (uzmepu-
myr) obaacme D Ha naockocmu umeem nocmosHHYo naomrocme Bo Bcex moykax obsaacmu D.
Imo cBssaHo ¢ noHamuem «Hayoady»: BeposmHocms nonacme B awbyw obaacme A C D, ¢
00HOU cmopoHsl, 3aBucum mosaeko om naowadu A, u He 3aBucum om gopMbl U NOAOHEHUS A BHY-
mpu D, paBusscs, ¢ dpyeoli cmopoHsl, unmeepany no obaacmu A om naomHocmu coBmMecmHo20
pacnpedesieHus KoopouHam MoYKU.
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Imu 08a kauecmBa Bo3mMoOICHO coBmecmume, MoObKO €C/Au NA0MHOCMb coBmecmHoz2o pacnpede-
neHus nocmosuHa Buympu D. bonee moeo, ama nocmosiHHas, Kak neeko Budems, ecms npocmo
1
naoujagr D
Beposmrocmu nonacme 8 D, unu eduruye).

(xoms 661 nomomy, 4mo uHmeepas om Hee no Bcel obaacmu D dosaxceH paBHamoscs

PacnpepeneHre TOYKM, OpOIIEHHON Haypayy B OOAACTh (BCe paBHO IAe), HA3BIBAIOT
PaBHOMEPHbIM PACIPDEAEAEHUEM.

HTak, TAOTHOCTH PABHOMEPHOT'O PACIpPEAEAEHUS B IIPOU3BOABHOU OOAACTH HaA IIAOCKOCTU
— mocTOsiHHAsi, paBHas (1/niowjage obaacmu) AAST TOUEK BHYTPH OOAACTH M HYAIO — BHE.
[TosToMy (a Tak>ke IIOTOMY, YTO IAOIIAAbL 3TOTO TPEYTOABHHMKA pPaBHA 1)

2 1-z/2

E(§77)://x-y-1dydx:/ / x-ydy | de = (kaxkemcs) %
> 0

0

To ecTh KoBapualus (a ¢ HeM U KO3PQPUIIUEHT KOPPEeAsIiuU) OTpullaTeAbHa (nocyumame

cov(§,n)).

YopakHeHue 24. A BepHO AU, YTO KO3P(PUIMEHT KOPpeAdluu B mpuMepe 45 CyIecTBy-
eT? Kakue CBOMCTBa CAyYaWHBIX BEAWYUH T'aPAHTUPYIOT KOHEYHOCTH BTOPOIO MOMeEHTa? A
U3 02PAHUYEHHOCMU C. B. CAE€AyeT AM CYIleCTBOBaHMEe KaKUX-HUOYAb MOMEHTOB? Kakux u
noyemy?

ITpumep 46.
Hattu KoadhPUIUEHT KOPPEeAIINU Me>KAY YMCAOM BBITAA€HUU €AVWHUIBI M YUCAOM BHINIaAE-
HUM HIEeCTePKU IIPU n MOAOPACHIBAHUAX CUMMETPUYHOIO KyOUKa.

PeweHue O6o3HaumM pnst i = 1,2,3,4,5,6 yepes & CAYIaHYIO BEAWYNHY, PABHYIO
YUCAY BBIITAA€HUHN TPaHU C i OUKaMU IIPU n MOAOpPACchIBaHUAX KyOuKa. [Tocuutaem cov(&y, &p).

Karkpast 13 CAy9aiHBIX BeAWYUH §; UMeeT OMHOMMAABHOE pacIpeAeAeHre C TapaMeTpaMi
n u 1/6, moatomy E& =n/6, D& = 5n/36.

3aMeTuM, 4TO cyMMma &) + --- + £ 3THUX BEAMYMH paBHA n. B cumAy cumMMerpum KyOwu-
Ka, Bce MaTemMaTuudeckue oxxupanus E& &, E& &3, ..., E&1&g 0opAMHAKOBEI (HO, CKOpee BCero,
otanuatorcs ot &6 = E€2 =D& + (E&)? = 5n/36 + n?/36).

[Mocuutaem E& (&1 + -+ &6). C OAHOM CTOPOHBI, 3TO PaBHO

EG(&14---+&) =E& -n=n?/6,
C APYT'O¥ CTOPOHBHI,
E&i (&4 + &) = E + 5E&iés = 5n/36 +n” /36 + SE &1
Orcropa 5E &€ = n?/6 — 5n/36 — n?/36, To ectb E&1&6 = (n? — n)/36.

CAepOBaTEABHO, NCKOMBIM KO3(MPHUITUEHT KOPPEAILIUU PaBeH
(61.65) = E&& —E&ES  (n?—n)/36 —n?/36 1
PLSE) = DeDe 5n,/36 ~TE

HTepeCcHO, 4TO OAYYEHHBIN KO3 (MULMEHT KOPPEAIIIUU He 3aBUCUT OT 7N.

lowemy kosgpgpuyuernm koppenayuu p(&1,&6) ompuyameneH?
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OTKyAQ, HakoHeI], BBITEKaeT TO YAUBHUTEABHOE, IO-BHAHUMOMY, CAEACTBHE, UTO,
ecAu ObI HaOAIOAEHUS HaA BCEMH COOBITHSIMH MPOAOAKATH BCIO BEUYHOCTH, IPUYEM
BEpPOSTHOCTH, HAKOHEI], IepeliAd OBl B IIOAHYIO AOCTOBEPHOCTB, TO OBIAO OB 3aMeye-
HO, 49TO B MI/Ipe BcCe YHpaBAHeTCH TOYHBIMHW OTHOIIIEHUuAMHW H IIOCTOAHHBIM 3aKOHOM
H3MeHeHHH, TaK UYTO Aa’Ke B BelllaX, B BEICIIIEH CTeIleHH CAYYaHHEIX, Mbl IPHHYXAe-
HBI OBIAM OBl IPHU3HATH KaK ObI HEKOTOPYIO HEOOXOAUMOCTE M, CKaXXy 5, POK.

Arxo6 Bepuyaau, Arsconjectandi (1713)

Pa3pen 13. Kypa M KaK CXOASTCS IMOCAEAOBATEABHOCTH CAyYaM-
HBIX BEANYUH

13.1 CXOAMMOCTH «IIOYTH HaBEpPHOEe» U «I10 BEPOSATHOCTU»

HanomHro, 4TO cAydaliHagd BeAMYMHA €CTh (M3Mepumas) PYHKIUSA U3 HEKOTOPOro ab-
CTPAKTHOT'O MHOJKeCTBa ) B MHOKECTBO AEMCTBUTEABHBIX YhceA. [1ocAepOBAaTEABLHOCTH CAY-
YaWHBIX BEAWYUH €CTh, TEM CAMBIM, IIOCAEAOBATEABHOCTh DYHKIINN (ONPEASAEHHBIX Ha OAHOM
¥ TOM >Ke MPOCTPAHCTBE SAEMEHTAPHBIX UCXO0AO0B (2). U ecAr MBI XOTHUM TOBOPUTH O CXOAUMO-
CTH IIOCAEAOBATEABHOCTU CAYYaMHBIX BeAUUYHH {,}70 |, He OyAeM 3a0bIBaTh, YTO MBI MMeeM
AEAO He C IOCAEeAOBATEABHOCTHIO YHCEA, @ C IMOCAEAOBATEABHOCTBIO ghyHkyul. CyIecTBYIOT
pasHble BUABI CXOAMMOCTH ITIOCAEAOBATEABHOCTH (PYHKIUMN. BCAKUM pa3 AaBaTh ONpepereHne
KaKOHU-ANOO CXOAUMOCTU MBI OyAEM, OIUPAsCh Ha CX00umMocme YucnoBeix nocaedoBamesnoHo-
cmed Kak Ha y’XKe U3BeCTHOe OCHOBHOE IIOHATHE.

B wacTHOCTH, IIpU Ka’KAOM HOBOM w € () MBI UMeeM HOBYIO YU/C/108Yt0 ITIOCAEAOBATEABHOCTD
{&n(w)}52 ;. TToaTOMY, BO-IIEPBBIX, MOKHO TOBOPHUTH O 3HAKOMOM M3 MaTeMaTUYeCKOTrO aHaAU-
3a (IOYTH) MOTOYEYHOM CXOAMMOCTH IIOCAEAOBATEABHOCTEN (DYHKIIUN: O CXOAUMOCTH «IIOYTHU
BCIOAY», KOTOPYIO B TEOPUH BEPOSATHOCTEN HA3BIBAIOT CXOAMMOCTBIO «IIOUYTH HAaBEPHOEY.

OmnpepeaeHue 48. TOBOPST, YTO IOCAEAOBATEABHOCTD C. B. {&,} cxodumcs noumu HaBep-
HOEK C. B. £ IPpU N — 00, ¥ TUIIYT: &, — £ M. H., ecAu P{w : & (w) — ¢(w) mpu n — oo} = 1.
Wuade roBopsi, ecAu &, (w) — &(w) mpu n — 00 AAS BCeX w € (), KpoMe, BO3MOXKHO, w € A, Tae
MHOYXECTBO (COOBITHE) A UMeeT HyAeBYIO BEPOSTHOCTD.

3aMeTuM Cpa3y: YTOOBI TOBOPUTH O CXOAUMOCTHU «IIOYTH HaBepHOe», TpebyeTcd (o Kpau-
Hel Mepe, IO ONPEAEAeHHUI0) 3HATh, KaK YCTPOeHH oToOpakeHus w — &,(w). B 3apauax
JKe TeOPUM BEPOSATHOCTEM, KaK IIPABUAO, U3BECTHBL HE CAMU CAY4auHblie Benudursl, a AU Ux
pacnpedeneHrus. VI13BeCTHO, TO eCTh, KAKOBa BEPOSITHOCTD T€X IA€MEHTapPHBIX UCXOAOB w, AAS
KOTOPHBIX &, (w) NIpUHUMAaET 3HAYEHUs B 3aA@HHOM MHOJKECTBeE.

MoskeM AU MBI, 00A@pasl TOABKO MHGOpPMaIel O pacIpepeAeHUsIX, TOBOPUTh O KaKoiu-
AMOO0 CXOAMMOCTHU ITOCAEAOBATEABHOCTH CAYYaWHBIX BeAnuyuH {,} K c. B. £?

Mo>kHO, HanpuMep, IOTPeOOBaTh, YTOOBI BEPOATHOCTD («AOASI») TeX dAeMeHTapHBIX UCXO-
AOB W, AAST KOTOPHIX §,(w) He IMOMapaeT B «£-OKPECTHOCTb» UHCAA &(w), YMEeHbIIaAaCh A0 HYAS
c poctoM n. Takass CXOAUMOCTE B (PyHKIIMOHAABHOM aHaAM3€e Ha3bIBAeTCS CXOAUMOCTBIO «IIO
Mepe», a B TEOPUU BEPOATHOCTEH — CXOAMMOCTBIO «II0 BEPOSATHOCTUY.

Onpepenrenue 49. TOBOPST, YTO TIOCAEAOBATEABHOCTE C. B. {&,} cxodumcs no BeposmHo-
P
cmu K C. B. £ IpU n — 00, U MUIIYT: &, — &, €CAU AAT ATOOOTO € > 0

P(&n, — & >¢) — 0 mpu n — o0 UAU P(¢, — & <e)—1 mpu n — oo.

IIpuMmep 47. PaccMOTpUM MOCAEAOBATEABHOCTD C. B. &1,&9,..., B KOTOPOM BCe BEAUYUHBI
UMEIOT Pa3Hble PACTIPEASACHHUS: C. B. &, n > 1, npuHuMaeT 3HadeHns 0 © n’ C BEPOATHOCTIMU
P(fn = n7) =1/n=1-P(, = 0). AokaxkeM, 4TO 3Ta IOCAEAOBATEABHOCTH CXOAUTCS IIO

BEPOATHOCTH K CAYYaMHON BEAWUYNHE, PABHON HYAIO II. H. (K HYAIO, IIPOIIje TOBOPS).
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AeUCTBUTEABHO, 3aUKCUPYEM IIPOU3BOABHOE £ > (0. AAd BCceX n HaYMHASA C HEKOTOPOTO
N TAKOTO, 9TO N} > £, BEPHO PABEHCTBO () HUXKe

—~

*

P(’fn—0|>5) 2 P(fn>€) = P(fn:TL?) = % — 0 mpu n — oo.

~

Wtak, caydaliHble BEAMYHUHEI &, C POCTOM 7 MOIYT IPUHUMAThL BCe OOABIINE U OOABIINE
3HAQUEeHUs, HO CO BCe MEHBIIEN U MeHBbIIIeN BePOITHOCTBIO.

A cxodumcs nu daHHas nocaedoBamesbHOCMb K HYA0 «nodymu HaBepHoe» ? Bonpoc He cauwkom
KOPPEKMHbIU, NOCKOMbKY 3a0aHbl HE CAYyYaliHble Beaudursl, a AUWb UX pacnpedeneHus, u omBem
Ha Heeo, Kak npaBuso, 3aBucum om moeo, Kak camu Beauyursl B3aumocBsa3anel. Ecau, ckaxcem,
(n(w) =0 dng w € [0,1-1/n] u &, (w) = n” o9 w € (1-1/n,1], mo cxodumocme «noumu
HaBepHoe» umeem mecmo, mak Kak 075 BCAK020 w HAYUHASA ¢ HeKomopoao ngy Bce &, (w) paBHel
HY 0.

lonpo6yiime 3adame cayyainsie Beaudunsl &, Ha [0,1] mak, ymobbi cxodumocmes «noymu Ha-
BepHoe» He umesna mecmo. [ns 3mozo HyxcHo 3acmaBume ompe3ok Oaurel 1/n, Ha kKomopom
&n(w) = n', «6eeame» no ompesky [0,1], umobbr abas mouka w € [0,1] nonadana BHymps
amoeo ompeska 6eckoHeyHoe 4ucsao pas. Bocnonvzyimecs mem, umo eapmorudeckuli pso pac-
xodumces. Ecau Bam mewarom KOHUbI OMPE3KA, UX MOXCHO CKAeUms B OKPYICHOCM® )
3amemum odHako, umo ecau Beposmuocmu P(&,, = n") cxodamcs k Hyawo docmamouro 6bicmpo
(Hanpumep, paBHor 1/n?), mo cxodumocme k Hyato n. H. Bcezda umeem mecmo (CM., HanPumep,
meopemy 2 §1 rn. 6 Ha cmp. 134 yuebruka A.A.BopoBkoBa « Teopus BeposmHocmel s ).

3amedanue 23. CXOAMMOCTH II0 BEPOSITHOCTU He 00s13aTEABHO COIPOBOKAAETCS CXOAU-
MOCTBIO MaTeMaTUYeCKUX O’KUAQHUM MAU MOMEHTOB APYIMX MOPAAKOB: U3 &, 2, & He cnedy-
em, uto B¢, — E¢&.

AeMcTBUTEABHO, B TpuMepe 47 uMeeT MeCTO CXOAUMOCTH &, SN £€=0 w0 EE =nb £
E¢€=0.

EcAau BMecTO 3HaueHUS n
E&,=1AEE=0.

A ecau &, npunuMaeT 3Hayenusi 0 U /n C TeMU >Ke BEpPOSITHOCTSIMU, YTO U B mpumepe 47,
to E§, = 1//n — E{ = 0, HO yKe BTOpbIe MOMEHTHI CXOAUTLCS KO BTOPOMY MOMEHTY & He
Gyayr: E€2 =1/ E€? =0.

CXOAMMOCTL IO BEPOSATHOCTU OOAAAAEeT OOBLIUHBIMU AAS CXOAMMOCTEN CBOMCTBaMu. Ha-
IpuMep, TaKUMMU.

T B3ATH, CKaXkeM, n (C TOM JKe BEpOATHOCTBIO 1/n), MOAYUHM

CsoiictBO 16. Ecau &, LN Euny LN 7, MO
L & +mn pL)£+77;
2.6 — &,

AOKa3aTeALCTBO IIpya 1nepBoM IIPOYTEHUHN MOJXHO IIPOIIYCTHUTD.

1. B pokasaTeAabcTBe MBI OYAEM ITOAB30BATHCS €CTECTBEHHBIM CBOMCTBOM BEPOSATHOCTU:
ecAr u3 coObITUsI A caepyeT coObiTue B (Bcezda, kozda BeinoaHeHo A, BoinoaHeHo u B),
TO BEPOSITHOCTL A He TPEeBOCXOAUT BEPOSITHOCTU B:

ecnu ACB, T0 P(A)<P(B).

BAGCB s1 KaTeropudyeCKn Tpe6YIO OCTAHOBUTHCA N OTBETUTH HA CACAYIOIINE «TAYIIBIEe BOIIPO-
CBI»:

— BepHo AU, 4Mo ModYab cymmel He npeBocxodum cymmel mooynel?

— BepHo au, ymo ecau a >b, uc>a, moc>>b?

— BepHo Au, 4mo ecau a +b > 2, mo xome 00HO U3 yuces a,b 6osvwe eduHuysl?

— BepHo sau, ymo BeposmHocme o0b6veduHeHus 0Byx cobeimuli He npeBocxodum CyYymmol UX
BeposmHocmeli?

— BepHo sau, 4mo BeposmHocme nepeceyeHus 0Byx cobbimul He npeBocxodum BeposmHocmu
1106020 U3 HUX?
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Ecau Ha BCce BOIPOCHL BBl OTBETUAU «A@», MOJKHO ABUIAThbCS Aaablle. Ecau He Ha Bce —
Balll KOHTpIIpuMep ommboueH. Ecau BBl BOOOIe He IOHSAW, O YEM 3TO, Aydllle BEPHYTHCS
CIOAQ ...

[Mycte € > 0. Tpebyercs poKazaThk, 4To P(|§, + 1, — & —n| > ¢€) — 0 mpu n — oo. Ho

a) & +nn —&—n| < |6 — &+ | — 1|, moaTOMY

6) ecau |& +mn —E—1n| > e, TOo U |, — &| + |9 — n| > €, ¥ BEPOSATHOCTH IIEPBOTO COOBITUS
He OOABIIle BEPOSATHOCTU BTOPOTO. AaAaee,

B) ecan [&, — &| + |nn — 1| > &, TO XOTS GBI OAHO M3 CAAraeMbIX OOAbIIIE, YeM /2.

HOAY‘IaeM CACAVIOIIYIO IMEeIIOYKY HepPpaBeHCTB:

P(’€n+77n_§_77’>5) < P(‘gn_€’+|nn_n‘>€)<P(‘§n_§|>€/2HAH‘nn_n’>5/2)<
< P(|6n =&l > €/2) + P(Inn —nl > €/2) = 0

P P
opu n — o0, Tak Kak &, — & u n, — 1.

2.  Ham noHap0OUTCSL «XOpoIllee CBOMCTBO»: AASI ATOOOUM CAyYaWHOM BEAWYMHEI (, IPOCTO
o cBOMcTBaM (pyHKIUM pacnpeperenust, P(|¢| > M) — 0 mpu M — oc.

[MpeactaBuM €1, —En| Kaxk [(0,—n)(En—&) + €M —n) +1(&n —&)|. 3aTeMm, Kak B 1, moAyuum
P(|&nmn — &nl > €) < P(lnn —nl - & — & > €/3) + P(IE] - [mn — nl > €/3) + P(|n] - |&n — &] > €/3).

[TopymariTe, 4TO AeAQTh C HEPBBIM CAAraeMBIM B IIPABOM YAaCTH, & MBI IIOKa PacCMOTPUM
BTOpOe cAaaraeMoe (TpeThbe Takoe ske). O6o3nauuM 3a A, = {[{| - |7, —n| > €/3} cobriTHE TIOA
3HAKOM BepOSTHOCTH. 3adukcupyeM Hekotopoe M > 0 m pa3zobbeM cobbITHE A, MO TTOAHOMU
rpynne coosrruit {|| > M} u {|¢| < M}.

P(An) =P(I&] - I1n —n| > &/3) = P(An N {I¢] > M}) + P(An N {l§| < M}) < ...

lTepByto BeposmHocme ouyeHuBaem B coomBemcmBuu ¢ nocaedHum «eayneim Bonpocomy», Bmo-
pyto — nosaesysice mem, ymo u3z || - |n, —n| >¢e/3 u|&| < M caedyem, ymo M - |n, —n| > €/3.

. <P(¢]>M)+P(M-|n,—n|>e/3) =P > M)+ P(|n, —n| >¢/3M).

OcTanocs prg AF000ro GUKCUPOBAHHOTO M > (0 yCTPEMUTH 17 K OECKOHEUHOCTH, IIOAYYUB AAA
BepxXHero mpepeaa oreHky lim P(A4,) < P(|¢| > M), nocae yero Mbel MOKEM YCTPEMUTH K
n—oo

0eCKOHeUHOCTU M, IOAB3YACh «XOPOIIMM CBOMCTBOMY. O

YpaxHenue 25. BoCHOOAHUTE BCe IIPONYILIeHHBIE IOAPOOHOCTH B AOKA3aTeAbCTBE.

CXOAMMOCTE IO BEPOATHOCTH, TaK JKe KaK U At00asg Apyrasg CXOAUMOCTB, He IIOPTUTCS TIOA,
AeMCTBUEM HeNIPEpPLIBHOU (DYHKIIAU.

CsorctBO 17.
Ecau &, =5 € u g — HenpepbiBHAS ¢ynkuyus, mo g(&,) LN g(&).
Ecau &, -2 ¢ u g HenpephBHA B MMOYKE ¢, MO 9(&n) LN g(c).

AoKa3zaTreabCcTBO. [IpocToe AOKa3aTEeALCTBO ITEPBOTO YTBEPIKAEHUS MOJKHO TPEANOSKUTE B
ABYX CAyYasX (KOTOPBIMU MBI U OTPAHUYMMCS, IIPEAOCTABUB BCE OCTAaABHOE UMTATEAIO, 3Ha-
KOMOMY, HalpuMmep, ¢ Teopemor Eroposa): ecau & = ¢ = const (1 TOTA@ AOCTATOYHO, YTOOKI
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g ObIAA HeIlpephbIBHA B TOUKE C) UAU ecau QhyHKyus g paBHomepHo HenpepbiBHa (@ ymo 3mo
3Hayum?).

U B TOM, U B APYIOM CAyYae AASL AIOOOTO € > () HalipeTcsa Takoe ¢ > 0, 4TO AAS AIOOOTO
W, YAOBAETBOPSIIOIEro YCAOBHIO |{,(w) — {(w)| < J, BBHIIOAHSIETCSI HepaBeHCTBO |g(&,(w)) —
g(Ew))l <e.

To ectb cobniTre {|&,—¢| < §} BAeder cobbiTHe {|g(&n(w))—g(E(w))] < €}. CrepoBaTEABHO,
BEPOSITHOCTDL TIEPBOTO He OOABIle, YeM BEepPOSTHOCTL BTOporo. Ho, Kakoe ObI HU OBIAO § >
0, BEpPOATHOCTb IIEPBOTO COOLITHS CTPEMUTCS K EAUHUIIE 10 OIPEAEACHUIO CXOAMMOCTHU IO
BEPOSITHOCTHU:

1 P(|& — € < 0) < P(lg(én(w)) — 9(§(w))| <¢) < L.

CAepOBaTEABHO, ¥ BEPOSITHOCTH BTOPOTO COOBITUSI TaK’Ke CTPEMUTCS K eAMHUIIE.

Ilpeapraraio TOPa3MBIIIAATE Ha TEMY: B KAKOM MeCTe AOKAa3aTEAbCTBA MCIIOAB3YEeTCS, UTO
AnbO ¢ paBHOMEPHO HeIpephiBHa, AMO0 £ — MocTosHHadA. I Hap TeM, KakK AOKa3bIBaTh
IIepBYIO YaCThb CBOMCTBA 17 B 00IeM CAyUae. O

YToOBl AOKa3BIBATH CXOAUMOCTL IO BEPOSITHOCTY, MOJKHO IIPOCTO YMETH BBIUMCASITH
P (|¢, — €| > ¢) upu Goabiux n. Ho AAs 9TOTO HY>KHO 3HATh pacIpeAeAeHue &, YTO He BCerAa
BO3MOKHO. CKaxkeM, &, MOXKeT OBITb CYMMOM (MAU ellle Xy>Ke :-) HECKOABKUX APYTHX C. B.,
pacrmpeaeAreHrsT KOTOPBIX HE YCTOWYMBHLI IO CYMMUPOBAHMWIO, U BBIUMCAUTEL pPaclipepeAeHue
UX CyMMBI 110 (DOPMYA€ CBEPTKH UAM KaK-TO ellje ObIBaeT CAUIIIKOM CAOXKHO.

Ecam GBI MBI MMEAUW HEpaBEeHCTBA, IO3BOAsifOIIMe oIeHuThb P (|, — &| > &) cBepxy uem-
An0O, YTO MBI yMeeM YCTPeMASTh K HYAIO M UYTO IIpOllle BBIUYUCASIETCS, TO CXOAUMOCTH IIO
BEPOSITHOCTH MBI TIOAYYUAHM OBI IO AeMMe O AByX Mmuaunmonepax: 0 < P(...) < ... — 0. Urax,
HepaBeHcTBa I1. A. YeOniéRa.

13.2 HepaBeHcTBa YeObinmiéBa

Bce HepaBeHcTBa B 3TOM Ilaparpade IPUHATO OTHOCHUTH K OAHOMY KAAQCCy, Ha3bIBae-
MOMY «HepaBeHCTBaMU HeObIméBa». Caepylolllee HEPABEHCTBO YaCTO HA3bIBAIOT COOCTBEHHO
HepaBeHCTBOM UeOHIIEBa, XOTS B TAKOU (DOPMe OHO NMOSIBUAOCH BIIePBBIE, BUAUMO, B pabOTax
A. A. Mapkosa (Hanpumep, Hcuucaenue BepossmHocmeti, 1913 1.).

Teopema 28 (HepaBencTBo MapkosBa).

Ecau E|¢| < 0o, mo gast A0OOr0 NOAOKUMEABHOIO X

E €]
P(\ﬁ] > x) < —

AoKa3aTeAbCTBO. BBepeM HOBYIO CAyYaNHYIO BEAUYUHY &, Ha3bIBAEMYIO «CPE3KOU» C. B.
|€| HA ypoBHE x:

€], ecam || <z, 1) & < [¢|, u, chepOBaTEABHO,

&= AN Heé 2) Eg, <E[E].

xr, ecamu [£| > .
Ham noTpebyeTcst caepyrolliee IOHATHE.

Omnpepeaenne 50. Ilycte A — HekoTOpoe coGwiTHe. HazoBeMm uHOukamopom cobeimus A
CAyYalHYIO BeAnunHy [(A), paBHYIO eAUHUIIE, €CAU COOBITHE A IIPOU3OIINO, U HYAIO, eCAu A
He IIPOM30IIIAO.

ITo onpepenenuto, I(A) umeer pacnpeperenne bepayaru B, ¢ mapamerpom p = P(I(A) =
1) = P(A), u ee MaTeMaTHUYeCKOE OKMAQHUE PABHO BEPOSITHOCTH yciexa p = P(A).
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CAy4aliHyIO0 BEAMUYUHY &; MOJKHO IPEeACTaBUThH B BuAe &, = [€]| - I(|¢] < z) +x - I(|¢] > x)
(npoBepsvme!).
Torpa

E¢, — E(]§|-I(|§|<a:)> +E(x-1(yg|>x))>E(x-1(|5\>x))::c-P(|§|>x). (21)

HEOTPUIIATEABHO, OTOPOCUM

BcniomuuwM, uto E [€| > EE,, u omenum E €, cuusy coraacuo (21):
El¢|>EE, > 2-P(l¢] > ).

Utak, = - P(|¢| > z) < E[¢|, uTo u TpeGoBarOCh AOKA3aTh. O

Chepyrolllee HEpPaBEeHCTBO MBI OyAeM Ha3bIlBaTh «OOOOIEHHBIM HepaBeHCTBOM Ye-
OLINIEBAY.

CaeactBue 15. [lycmb pyHKUUSL g MOHOMOHHO BO3pacmaem u HeompuyameAbHa HAa [0, 00).
Ecau Eg(|¢]) < 0o, mo gast Al060r0 NOAOKUMEABHOTO T

Eg(€)
glx) -

AokazateabcrBo. 3amernM, uto P(|¢| > ) = P(g(|¢]) > g()), mockoabKy yHKIUS g MO-
HOTOHHO BO3PAcTaeT, U OI[eHUM MOCAEAHIOI0 BePOSITHOCTh COTAACHO HepaBeHCTBY MapKoBa:

Eg(l¢])
g(z)

P(l¢] > z) <

P(g(1¢]) > g()) < O

B 1853 r. 1. breneme (I. Bienaymé) u B 1866 r., He3aBucumo ot Hero, ['1. A. HeOwIIEB Ip4-
MBIMM METOAAMU AOKa3aAll HepPaBEeHCTBO, KOTOpPOe HaM OyAeT YAOOHO MOAYYUTH B KaueCTBe
CAEACTBUSI U3 HepaBeHCTBa MapKoBa.

CaeactBue 16 (HepaBencTBo UeObiméBa-boeneme). Ecau E€? < o0, mo

D
P(le —E€ > ) < 5.

AoKazaTeabCTBO. BocmoabsyeMcst caepcTBreM 15 ¢ dyukimeit g(x) = 2.

E(¢-E¢)® D
P~ € > ) < SEFEL_DE =
B kauecTBe CAEACTBUSI IMOAYYMM TaK Ha3bIBaeMOe «IIPABUAO TPeX CHUTM», KOTopoe op-
MYAUPYIOT, HallpuMep, Tak: BeposmHocme cay4alHol BesuduHe omaudamecss om cBoeeo ma-
memamu4yeckoeo oxcudaHus 6osee, 4em Ha mpu KOPHsS u3 oucnepcuu, MaAa. Pasymeercs, ans
Ka’KAOT'O paclipepeAeHMs BeAUUYWHa 3TOM BEepPOSITHOCTH CBOS: AAS HOPMAaAbHOT'O paclipejpeae-
HU{, HAIIpUMep, 3Ta BepodaATHOCTh paBHa 0,0027 — cm. cBoiicTBO 11. MBI MOAYYHM BEPHYIO
MSI BCeX pacIpepeAeHUIN ¢ KOHeYHOM AMCIepCHel OIIeHKY CBepXy AAS «BEPOSTHOCTH C. B.
OTAMYATLCSI OT CBOEI'0 MaTeMaTUIECKOTO OJKUAAHUS O0oAee, UeM Ha TPU KOPHS U3 AUCIIEPCUI».

1
CaepcrBue 17. Ecau E€? < oo, mo  P(|¢ —E&| > 3/DE) < 9

D¢ 1

(3vD8)° 9

AokasareabcTBo. CoraacHo caeactsuto 16,  P(|¢ —E¢| > 3/D¢) <

Vnpakaenume 26. Haiitu P(|¢ — E€| > 31/D¢), ecan c. B. £ umeer
a) paBHOMEepHOe paclipeAeAeHre Ha KaKOM-HUOYAL OTpe3Ke;
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0) IIOKa3aTEeABHOE pPaclpeAeAeHNe C KaKUM-HUOYAL ITapaMeTpoM;
B) pacupepereHmre bepHyaau ¢ mapameTrpoMm 1/2.

13.3 3axKoHBI OOABHUINX YVICEA

OmnpeaenaeHue 51. ['OBODSIT, YTO IMOCAEAOBATEABHOCTD C. B. {;}7°; C KOHEUYHBIMU IIep-
BBIMH MOMeHTaMu y0oB1emBopsem 3akoHy 6oavwux yucen (3BY), ecan

E14+ -+ &, B E&i+---+EE, 2.0 opu  n — oo. (22)

n n

3aKOHaAMM OOABIIHNX YKUCEA IIPUHATO HA3BIBATH YTBEPXXACHUA lo]¢} YCAOBUSIX, IIPU KOTOPBIX
IIOCACAOBATEABHOCTD C. B. «YAOBAETBOPSAET 3daKOHY OOABIIUX YUCEAY.

BrisicHuM cHadana, 4YTO O3HadyaeT M Korda BuImoAHeH 3BY and mochaepOBaATEABHOCTH
He3aBucumoix u 00uHakoBo pacnpedeneHHsix c. B.

3aMeTuM, YTO €CAU C. B. OAMHAKOBO DPACIIpEAeA€HBI, TO MaTeéMaTH4YeCKUue OXHUAAHUI Y

HUX OAMHAKOBEHI (M paBHBI, Hanpumep, E &), mosaToMy cBOMCTBO (22) MOKHO 3alllCaTh B BHAE
1 + NN + p
¢ b v pe
n

NTak, 3aKOHBI OOABIIIUX YUCEA.

Teopema 29 (3BY B hopme UeOniniéna).

AAst 10600 nocaegoBameAbHOCIMU HE3ABUCUMBIX U OGUHAKOBO PACNPEJEeAeHHBIX CAY-
YQUHBIX BEAUMUH C KOHEYHbIM BmopbiM Momenmom E &2 < oo umeem mecmo cxogu-
mMocmb:

SRR AN,

3BY yTBep>KpaeT, 4TO cpepHee apudMeTudecKoe OOABIIOTO YHCAA CAYYANMHBIX CAQraeMbIX
«CTaOUAM3UPYETCA» C POCTOM 3TOrO 4ucAd. Kak OBl CHABHO Kakpasd C. B. He OTKAOHSAAACH
OT CBOETr0 CpeAHero 3HaueHUsd, IIpU CYMMUPOBAHUM 3T OTKAOHEHUS «B3aWMHO TacdaTCsa», Tak
4TO cpeAHee apudMeTHudecKoe IMPUOAMIKAETCS K ITOCTOIHHOUW BEAUYUHE.

B pAanbHelIIeM MBI YBUAWUM, UTO TpeOOBaHNEe KOHEYHOCTH BTOPOTO MOMEHTA (MAU AUCIIEP-
CHU) CBSI3@HO HUCKAIOUUTEABHO CO CIIOCOOOM AOKAa3aTEeAbCTBA, U UTO YTBEP>KAEHHE OCTaeTCs
BEPHBIM €CAM TPeOOBAaTH CYIIECTBOBAHUSA TOABKO IEPBOrO MOMEHTA.

AokazareabcTBOo. O603HaUUM uyepes3 S, = & + -+ + &, CyMMy IepBEIX n C. B.,, a depes

S e
== M — UX cpepHee apudgMerudyeckoe. Toraa

n n
E<Sn> _ E&G+--+EG  n-EG

n

= = E&.
n n

Ilyctb € > 0. Bocnoab3yeMmcst HepaBeHCTBOM YeObImIEéBa (crepcTBre 16):

(503 <2

n €
He3aBUC. og.pacnpeg.
DS, D& +---+ D&, nD& D&
= 23 = 2.2 = 2.2 2 0 (23)
n2e n2e n2e ne
Ipu n — 00, HOCKOABKY D), II0 yCAOBHIO, KOHEYHA. O
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3ameuaHue 24. MEI He TOABKO AOKA3aAW CXOAMMOCTD, HO U IOAYYUAU OLEHKY AAS BEPO-
STHOCTU CPeAHEMY apu(MeTHiIeCKOMY AIOOOTO YKMCAA HE3aBUCHUMBIX U OAMHAKOBO paclipepe-
AEHHBLIX BEAUYHH OTAWMYATHCSA OT E & Gonee ueM Ha 3apaHHOE YUCAO:

p(u >5><%_ (24)

n ne?
INpeapnrarato, KpoMe TOTO, UMTATEASIM M3BAEUL U3 HepaBeHCTBa (23) B A0KazaTeAabcTBe 3BY
YeOrIIIIEBA AOKA3aTEABCTBO CACAVIOIIErO YTBEPIKAECHUS.

—E&

CaepctBue 18. [locregoBameabHocmb €. B. {&;}°, ¢ KOHEUHBIMU BMOPHIMU MOMeHMAMU
ygoBaemBopsaem 354, mo ecmb
Sn_E<Sn> £1+"'+£n E£1+"'+E£n p

n

n

= — —0 npu n— o0
n n

npu BblNOAHEHUU Aroboro us3 caegyrouiux YCAOBLllj.'

DS,
a) ecau DS, = o(n?), mo ecmb —~ — 0 npu n — oo;

n2
6) ecau &1,&s,... nesaBucumbl u DS, =D& + -+ D&, = o(n?), mo ecmsn
D& +---+D¢
3 “ 50 npu n— oo;
n
B) ecau £1,&, ... HE3aBUCUMbL, OJUHAKOBO pACNpegeAeHbl U UMelom KOHeUHYIO guc-

nepcuto (364 YebniwiéBa).

CKOpO MBI AOKaXeM (MHBIMH MeTopaMHM, 4eM A. SI. XMHYNWH) CAeAYIOIee YTBEPIKACHUE.

Teopema 30 (3bY B popme XuHUMHA).

AAs A1060U NocAegoBameAbHOCIU He3ABUCUMbIX U OGUHAKOBO PACNPEJeAeHHBIX CAY-
YQUHbIX BEAUUUH C KOHeUHbIM nepBeim momenmom E|&i| < oo umeem mecmo cxogu-
MOCmb:

SRR AN,

Boaee Toro, B ycaoBusx TeopeMbl 30 MMeeT MeCTO «IIOYTH HABEPHOE» CXOAUMOCTH
(&1+---+&,)/n k E&. Ho aTtoro Mbl y>Ke AOKasbIBaTh He GYAEM.

IMoayunm B KauecTBe caepcTBusa n3 3bY UeObInéBa 3aKOH OoAbIINX umcea . bepryarn
(1713). B oTAmumMe OT AOKa3aHHOTO Yepe3 NoATopa cToaeTusd 3bY HeOwIIEBa, OMTMCHIBAIOIIETO
IIPEAEABHOE MOBeAEHUE CPpepAHero apudMeTH4YeCcKOro C. B. C 1pou3B0/1bHbIMU PAaCIPDeAEAeHU -
Mu, 3bY BepHyAAU — yTBep’>KAEHUE TOABKO A cxemol beprynau.

Teopema 31 (34 bepuyaawn).

Ilycmb A — cobrimue, komopoe Moxem npousolimu B AIOOOM U3 N HE3ABUCUMbIX
ucneimanuli ¢ ogHol u mot xe BeposimHocmbio P(A). Ilycmsb v, (A) — uucao ocy-
Un

o p
wecmBAeHull cobbimust A B n ucneimanusx. Torga — P(A). IIpu smom gas

°(

Atoboro € > 0
vn(A)

n

P(A)(1 - P(4))
P(4)

—P(A) ‘>€> < —
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AoKa3aTeAbCTBO. 3aMeTHM, 4TO vp(A) eCTh CyMMa He3aBUCHUMBIX, OAMHAKOBO pacIpepe-
AEHHBIX C. B., IMEIOIINX paclIpepereHHe BepHyAAr ¢ mapaMeTpoM, PAaBHBIM BEPOSATHOCTH
ycmexa P(A) (MHAMKATOPOB TOTO, YTO B COOTBETCTBYIOIIEM UCIBITAHUM IIPOU30IIAO A):

n(A) = €14 -+ &y & = Li(A) = 1, ecAu A IpPOU3OIIAO B i — M WCIILITaHUU;
0, ecam A He IPOU3OIINO B ¢ — M UCHBITAHUH;

E&i =P(A4), D& =P(A)(1—-P(4)).

OcTanrochk BocrnoAab3oBaThcsa 3bY B dopme HeOrbIlIéBa 1 HEpaBeHCTBOM (24) U3 3aMedyaHus
24.

U

PaccmoTpum nmpumMepsl ncnoab3oBaHud 3BbY B dopme YUeOnléBa, BepHee, HEPABEHCTBA

(24).

13.4 IIpumeps! ucnoarb3oBaHus 3bY u HepaBeHcTBa YeObIméEBa

ITpumep 48.
3adauya. Momnerta nopOpackiBaercs 10000 pa3. OIieHUTb BEPOSITHOCTbL TOTO, YTO
YacToTa BBIIaAeHUS repba OTAMYAEeTCS OT BEPOSTHOCTU GoAee yeM Ha OAHY COTYIO.

1
n > 0,01>. rae no =104 v, = Y0 & —

YHCAO BBIIAAEHUM repOa, a ; — He3aBUCUMEIE C. B., UMeIOlINe paclpepereHre bepHyaau c
napameTrpoM 1/2, paBHbBIe «4UCAY repOOB, BBIIABIINX IIPHU ¢-M IIOAOPACEIBAHUNY» (TO €CTh epAU-
HUIle, €CAM BBHINIAA Tepb U HYAIO MHade, UAU UHAMKATOPY TOTO, UYTO BhINAaA rep0l). [ToCKOABKY
D& =1/2-1/2 = 1/4, uckomas OlleHKa CBEpPXY BBITASAUT TaK:

D& 1 1
n 0,012  4-104-1074 4’

Pewewnue Tpebyerca ouieHUThL P (

> 0,01) <

VHaue roBOps, HepaBeHCTBO YeOBIIIEBA IIO3BOASET 3aKAIOUUTH, YTO, B CpepAHEM, He Ooaee
yeM B 4YeTBepTHU caydaeB npu 10000 mopOpacblBaHMSIX MOHETHI YaCTOTa BHINaAeHUSA repba
OyAeT oTAMYaThbCca OT 1/2 Ooaee yeM Ha OAHY COTyIO. MBI yBUAUM, HAaCKOABKO 3TO Ipybas
OIleHKA, KOTAQ IO3HAKOMUMCS C YeHmpasavHou npedesoHol meopemod.

ITpumep 49.

3adava Tlycts &,E,... — TOCAEAOBATEABHOCTh CAYYaWHBIX BEAMYUWH, AUCIEPCUU
KOTOPBIX OI'PAaHUYEHBI OAHOM U TOM ’Ke IOCTOSTHHOM (', a KoBapHalluu AIOOBIX C. B. & U
& (1 # j), He ABAAIONIUXCS COCEAHUMHU B IOCA€AOBATEABHOCTH, PABHBI HYAIO. Y AOBAETBOPSET
AN 3Ta IMOCAeAOBaTeAbHOCTh 3bY?

P e w e nue Bocunoab3dyemcsi HepaBeHCTBOM (23) u cBoMCTBOM 14:
°(

n

Sn
D -

i<j
Ho ana @ < j, mo vycaoBumio, cov(&, &) = 0, ecam i@ #  j—L. ChaepoBa-
TEeABHO, B cymme ), .cov(,§;) PaBHBI HyAIO BCe CAaraeMble KpOMe, MOXKeT OBbITb,
cov(&1,8&2),cov(&a,&3), ..., cov(&n—1,&,) (MX POBHO n — 1 1mITyKa).

O1eHMM Ka’)kKAO€ M3 HUX, UCIOAB3YST OAHO M3 CBOWCTB KO3(PUITMEHTa KOPPEAIINU (Ka-
koe?)

cov(&,€) < v/D&\/DE < VOVC = C,
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TaK Kak A Aroboro 1 < ¢ < n, o ycaoBuio, D& < C. Urak,

> D& + 2D cov(&,§))

&_E<&>’>€><D5n:i1 i<j _

n2g? n2e2

n n—1
D& + 2 NS
B ; ¢ ;COV@ “) oL 2(n—1)C

n2z2 S n2e2 — 0
Ipu n — 00, TO €CTh IIOCAEAOBATEABHOCTE &1, &2, ... yAOBAeTBOpseT 3BY.
VnpaxHenue 27.
INpuBecTu npuMep MOCAEAOBATEABHOCTH C. B. £1,&2,... TaKOM, UYTO KOBApHUAIIMU «HECOCEA-
HUX» BEAWYHH PaBHBI HYAIO.
[MpuBecTu mpuUMep MOCAEAOBATEABHOCTH C. B. £1,&2,... TaKOU, YTO KOBApPUAIIMU «HECOCEA-
HUX» BEAUMYUH PaBHBI HYAIO, @ KOBapHuallull COCEAHUX — He paBHBEL. MOXXHO IIONIPOOOBaTH

IIOCTPOUTH TaKyIO MOCAEAOBATEABHOCTD C IIOMOUILIO APYTOM IIOCAEAOBATEABHOCTHU, COCTaBAEH-
HOHM W3 He3aBHUCUMLIX C. B.
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... VI3 3TOM nepBoH A€KIJHH IO TEOPUH BEPOSITHOCTEH 5 3aIIOMHHUA TOABKO IIOAY3HAKO-
MBIM TepMHH «MaTeMaTHYecKoe OXHAaHHe». He3dHakomell yIIOTpeOASIA 3TOT TEPMUH
HEOAHOKPATHO, U Ka*KABIH pa3 g NPEACTaBASIA ceOe OOABIIOe MOMeI[eHUe, BPOAE 3a-
Ad OKHUAQHHUSA, C KA(QEABHBIM IIOAOM, TAe CHASIT AIOAU C IOPT(heAIMu U OI0OBapaMu H,
11oAOpackIBast BpeMs OT BpeMeHH K IIOTOAKY MOHETKH U OyTepOpOABI, COCPeAOTOUYEH-
HO Yero-TO OXKHAAQT. A0 CHX IIOp A 4acTO BHJKY 3TO BO CcHe. Ho TyT He3HakoMmerp
OTAYIIIFIA MEHSI 3BOHKHM TEPMHHOM «IIPEAEABHAasT Teopema MyaBpa — Aamaraca» u
CKa3saa, 4To BCe 3TO K AeAy He OTHOCHUTCH.

Apkapuii u bopuc Crpyrankue, Cmaxepsl

Paspena 14. LIIT (meHTpaAbHas NMpeAeAbHass TeopeMa)

Sh
14.1 Kak ObICTPO — CXOAMTCS K E &;?
n

[MycTb, Kak B 3aKOHe OOABIIMX YuceA B popme Yebwrméra, S, = & + ... + &, — cymMma
n HEe3aBUCUMBIX M OAMHAKOBO PacCIpeAeA€HHBIX BEAWYUH C KOHEUHOU pucliepcueii. Toraa, B

Snp
cuay 3BY, =% —5 E¢; ¢ pocTtoM n. ViAM, TIOCAe IPUBEASHUS K OOIeMy 3HaMeHAaTeAlo,
n

Sn_nEgl p
n

0.

EcAu mipy peAeHUM Ha N MBI IOAYUMAW B IpPeAeAe HYAb (B CMBICAe HEKOTOPOM, BCe PaBHO
KaKoOH, CXOAMMOCTH), PE30HHO 3aAaTh ceDe BOIIPOC: a He CAUIIKOM AWM Ha «MHOTO» MBI IIOAE-
AnAn? Heab3da AM IOAEAUTH Ha YTO-HUOYAB, pacTylllee K 6€CKOHEYHOCTH MeAAeHHee, YeM n,
4TOOBI IIOAYYUTH B IIPpEAEAe He HYAb (U He OeCKOHEYHOCTh, CaMO COOOM)?

Mo>KHO TOCTaBUTH 3TOT BOIPOC TIO-APYroMy. BOT HmOCAepAOBATEABHOCTDH, CTPEMAIIASACS
(kak-TO) K HyAto. MOJKHO AU ee AOMHOXXUTBH Ha 4YTO-AMOO pacTyllee, YTOOBI «IIOTACUTBL» 3TO
cTpeMAeHUe K HyAlo? [loAydmuB, TeM caMbIM, 4YTO-HMOYAb KOHEUHOE M OTAUYHOE OT HYAd B

mpeaene?

S, —nE& S, —nE&
> WAH, UTO TO JK€ CaMoe, \/n- ————>=  He CXOAUTCS K

\/ﬁ n

HyAr0. PacnpepeneHme 3TOM, 3aBUCALIEN OT n, CAYYalHOW BEANYUHEBI CTAHOBUTCSA BCe OOAee
IoXO>Ke Ha HOPMaAbHOe paclipepeAeHue! MOXKHO CUMTaTh, YTO TaKasd IIOCA€AOBATEABHOCTH
CXOAUTCH K CAY4allHOU BEAMUYNHE, UMeIOIell HOPMAAbHOE PaCIpeAEAeHNe, HO CXOAUTCS He II0
BEPOSITHOCTH, & TOABKO B CMBICAE CXOAVMOCTH paclpepereHuN, AU «CAa00M CXOAUMOCTHI».

OKa3sbIBaeTcs, 4ToO yiKe

14.2 Chabast CXOAUMOCTD

[TycTb 3apaHa MMOCAEAOBATEABHOCTH C. B. {&,}, 3apaHO HeKOTOpoe pacmpeperenue F ¢
(byHKIuel pacupepereHus Fy U § — IPOM3BOABHASA C. B., UMeIOIIasl pacupepesenue F.

OnpepenreHue 52. T'OBOPST, YTO IOCAEAOBATEABHOCTH C. B. {&,} mpu n — oo cxodumcs
cna6o vAu no pacnpedeseHuro K C. B. &, HAU TOBOPSAT, UYTO IMOCAEAOBATEABHOCTH C. B.
cnabo cxodumcs Kk pacnpedesenuto F, UAU TOBOPSAT, 4TO pacnpedesnerHus c. 8. {&,} cnabo
cxodsmcsa K pacnpedesneHuro F, U TUIIYT: &n = & wumm Fy, = Fe, wan &, = T,
€CAHM MM AIOGOTO & TaKoro, uTo (OyHKIMA paclpepereHus F¢ HelpephlBHA B TOUYKE T, UMeeT
MeCTO CXOAMMOCTh Fy (x) — F¢(x) mpu n — oo.

HVHaue roeopd, crabasg CXOAMMOCTb — 3TO IIOTOYEYHAsd CXOAMMOCTH (DYHKIIMU paclpeae-
A€HUS BO BCeX TOUKAX HEIIPePBIBHOCTU IIPeAEABHON (DYHKIIUU pacIlpepeAeHUs.

78



Heobxodumo 3amemume, ymo 3anuce «&, = £» yoobHa, HO He Bceeda pasymHa: ecau «npe-
desvHyto» c. B. £ 3ameHums Ha Opyeyto ¢. B. 1 C mem e pacnpedeseHuem, HU4Yez2o He
usmeHumcs: B mom e cmoicae &, = n. [loamomy caabas cxodumocme Bce xe He ecmb
cxodumocme Cay4aliHelx BenuyuH, u el Hesb3s onepupoBame Kak cxoOuMoCmsaMU N.H. U NO
Beposmrocmu, 059 Komopelx npedesbHas ¢.B. eduHcmBenHa (xoms 6bl ¢ MOYHOCMbIO 00 3HA-
yeHuli Ha mHoxcecmBe HyneBou BeposmHocmu).

CAQAYIOH_IQQ CBOMCTBO ouyeBUAHO. Ecau HeT - BaMm HY>XKHO BEPHYTBCA K PA3AEAY 7 u BcHo-
MHUTB, YTO TaKoe CPYHKHI/IH paciipepeneHusd.

CeouictBo 18. Ecau &, = &, u ¢ynkuyusa pacnpegerenus Fy HenpepblBHA B MOYKAX a U b,
mo P(&, € [a,b]) — P(§ € [a,b]) u m.g. (npodosxume psd). Haobopom, ecau Bo BCeX MOUKAX
a u b HenpepsiBHOCMU (pyHKUUU pacnpegerenus Fy umeem mecmo, Hanpumep, CXogumocmb
P&, € [a,b]) — P(€ € [a,b]), mo &, = .

Chepyltolriee Ba)KHOe CBOMCTBO YTOUHSIET OTHOIIEHUSI MEXAY CXOAUMOCTSIMU.

CsorictBO 19.
1. Ecau &, LN ¢ mo &, = €. 2. Ecau &, = ¢ = const, mo &, 2

AokaszaTeAabCTBO. [lepBoe CBOMCTBO MBI AOKa3bIBATH HE OyAEM.
AoKaxkeM, 4TO caabasi CXOAUMOCTb K IIOCTOSTHHHOMW BA€UET CXOAWMOCTL IO BEPOSTHOCTH.
ITyctn

0, z<c
Fe,(2) = Fe(e)=q 7 ~ "7
1, z>c
IIPU AIOOOM Z, SIBASIONIEMCS TOYKOW HEIPEPBIBHOCTU IMpPeAeAbHOU (PyHKIuHU F.(x), TO ecTb
IIpU BCEX T # C.
Bosbpmem nmpousBoabHOe € > 0 u pokaxkeM, 4To P(|€, — ¢[ <€) — 1. PackpoeM MOAYAB:

P(ce<& —c<e)=Plc—e<& <cte) >
(cy>xaeM COOBITHE IIOA 3HAKOM BEPOSITHOCTH)
>Plc—e<é<cte)=Fg(c+e)—Fg(c—¢e) = Folc+e)—Flc—e)=1-0=1,

IIOCKOABKY B TOYKaX ¢ + ¢ QPyHKuus F, HEIpephIBHA, U, CAEAOBATEABHO, IMEET MECTO CXOAM-
MOCTB IIOCA€AOBATeABHOCTH [y (c+¢) K Fe(cEe).

Ocranock 3ameTtuts, uTo P(|{, — ¢| < €) He ObIBaeT GoAblIe 1, TaK YTO IO AeMME O ABYX
Muauuonepax P(|§, — ¢/ <¢) — 1.

O
CAeAonmee CBOMCTBO IIPUBOAUT IIpUMEDP OHepaHHﬁ, KOTOpPBI€ MOJXHO IIPUMEHATH K cAaabo
CXOAAITNMCA IIOCAEAOBATEABHOCTAM — CKaXXeM, AOMHOJXATh HX Ha IIOCA€AOBATEABHOCTH,

cxopdmuecs 10 BEepOsSITHOCTU K IMMOCTOAHHBIM BEeAWYMHAM.

Xenanue nanucame «ecau &, = & un, = 1n, mo &, +n, = &+ n» cpasy npoxodum, cmoum
nepeBecmu 3mo «cBolicmBo» Ha A36iK hYHKYULU pacnpedeneHus u 3a0ymamscs — 4mo makxoe
«@yHKyua pacnpedenenus cymmel £ + n», Koeda Bmecmo HUX MOXCHO Gpame mobbie dpyaue
£ u i ¢ memu xe pacnpedeneHusmu, Kak yzodHo 3aBucumsie. MHoe deno — kozda 0dHO u3
npedesnvHolx pacnpedenenuli Boipoxcdero. B smom cayyae hyHkyus pacnpedesneHus cymmeol
unu npousBederus onpedeseHa 00HO3HAYHO.

CsoiictBO 20.
1. Ecau &, L, ¢ = const u Np = M, Mo &, - Ny = .
2. ECAuénLc:constunn:n,mo§n+nn:>c+n.

AOKa3aTeAbCTBO. 3aMeTUM IIpeXKAE BCETO, UTO €CAU 1)y, = 1), TO ¢}y = €N, C+ Ny = ¢+ 17
(dokazame!). TloaTOMY (M B CHAY COOTBETCTBYIOUIUX CBONCTB CXOAUMOCTH IIO BEPOSITHOCTH)
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AOCTATOYHO AOKAa3aTh IIEPBOE YTBEP KAeHUe cBoOUCTBA 20 mpu ¢ = 1, @ BTOPOe YTBEPKAEHUE
— mpu ¢ = 0.

AOKa>keM BTOpPOe yTBep>KAE€HMEe, OCTaBUB IlepBoe umuTaTeAlo. [lycTe &, L. 0m N = 1.
AokaxxeM, uTto &, + 1, = 1. IlycThb zyg — TOUKA HENPEpPBLIBHOCTU (PYHKIIUM pacIpeprere-
uus Fy(xz). TpebGyeTcst AOKa3aTh, YTO TOTAA MMeeT MEeCTO CXOAUMOCTE Fy ., (xg) — F(xo).
3auKcupyeM AOCTaTOUYHO MaAeHBKoe € > () Takoe, 4TO F(x) HelpepbIBHA B TOYKAX Z( * €.

Fe o (0) = P(&n + 1 < 20) = P(&n + 1 < 20, |&n] > €) + P(&n + 1n < 20, |&n| <€) = P1 + Po.

Ouenum P; + P, cBepxy u cuusy. Aasg Pp umeem: 0 < Py = P(&, + 1, < @0, || > €) < P(|&] >
€), ¥ MOCAEAHSISI BEPOSITHOCTb MOJKET OBITH BRIGOPOM 71 CA@AAHA CKOAB YTOAHO MAAOM.
Anst Py, ¢ OAHOM CTOPOHEI,

Py =P+ m0 <o, —e <& <€) <KP(—e+n, <) =Py <o +6).
3A€eCh epBoe HEPABEHCTBO CAEAYET U3 OUYEBUAHOTO COOOPa’KeHUS:
ecau —e < &, U &y + nn < T, Mo, mem b6osee, —c + 1, < .

C ApYyTO¥ CTOPOHHI,

Py =Pl +mu <z, ¢ <& <€) 2P(e+mn <wog,—e <& <e) 2

<
>Ple+nm, <x9) —P(|&n] >€) =P(np < z9 — ) — P(|&n] > ).

3AeCh MepBOe HEPABEHCTBO OOBSICHSIETCSI BRKAIOUEHUEM {¢ + 1, < zo N{—c < &, < ¢} C
{&n +mn < zo} N {—e <&, <&} — TpocTo 3aMeHUM B COOBITUU {& + 1), < T(} YUCAO € HA &,
TaK Kak &, < £. Bropoe HEpaBeHCTBO CAEGAYET U3 CBOMCTB!

P(AB) < P(B), mostomy P(AB)=P(A)—P(AB)>P(A)—-P(B).
VTaK, MBI TIOAYYUAU OII€HKHU CHHU3Y U CBepPXy A Py + P, To ecTb ana Fy, 1y (20):
P(nn <o —¢) = P(I&a] > €) < Fg,1n, (20) S P([&] > €) + P(nn <20 +¢),
UAU
Fy, (0 = €) = P(nl > ©) < Feypna (0) < P(6nl > €) + Fy, (w0 + ).

YcTpeMasasa n K 6€CKOHEYHOCTH, U BCIIOMUHAsA, YTO To+ & — TOYKU HEIPepBIBHOCTU (PYHKIIUUN
pacmpeaeAeHus Fi, MOAYYUM

Fﬁ(xo - 8) < h—mF§n+7]n (:CO) < mFEn‘H’M ('/L‘O) < Fﬂ(xo + 8)‘

W IOCKOABKY 3TU HepaBeHCTBa BEPHBEI AASL AIOOOIO AOCTATOYHO MaAOro &, a Ty — TOYKa
HeIIPepPBIBHOCTU (PyHKIMKU F;), TO, YCTPEMHUB € K HYAIO, IIOAYYMM, YTO HVJKHHUM U BEPXHUU
npepeAsl Fe, i, (20) IPU n — 00 COBHAAAIOT U PaBHEI F) (o).
O
HeckOABKO copeprKaTeABHBIX IPUMEPOB CAAOOM CXOAMMOCTU MBI PACCMOTPHUM B CAEAYIO-
el raaBe. Ho OCHOBHOM MCTOYHUK CAAO0 CXOAAIUXCS TOCAEAOBATEABHOCTEN U HEOOBIYAHO
MOIITHOE ¥ YHUBEPCAAbHOE CPEACTBO AAS aCUMIITOTUUYECKOTO aHaAm3a pacnpedeneHuli cymm
He3aBUCUMBIX U OAMHAKOBO PACIPEAEAEHHEBIX CAYYaWHBIX BEAUUMH IIPEAOCTaBASIET HaM

OEHTPAADHAA NMPEAEADHAAd TEOPEMA

14.3 IlenTpanrbHas NpejpeAbHasl Teopema

Mel OypaeM HasblBaTh cAepyroliiee yrBepxkaeHue «LITIT A. M. Agnynosa» (1901), =HO
cOopMyANpYyeM U AOKA)KeM TeopeMy /AAIYHOBA TOABKO 8 4aCMHOM CAy4ae — AASI IIOCAEAO-
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BATEABHOCTU HE3dBUCHUMEBIX U OAMHAKOBO pPACIIPEAEAE€HHBIX CAY‘I&ﬁHBIX BEAWYHH.

Teopema 32 (LIITT).

IMycmb &1,&2,... — He3aBUCUMble U OGUHAKOBO pacnpegeAeHHble CAyualiHble BeAl-
4UuHbBl C KOHeYHOU u HenyaAeBoU gucnepcuetll: 0 < D& < oo. Ob6o3nauum uepes S,

CYMMY NepBbIX N CAYyUQUHBIX BeAuuuH: S, = &1 +...+&,. Torga nocregoBameabHOCMb

S, —nE 51
c. B. —————== caabo cxogumcesa K CmaHgapmHOMY HOPMAABHOMY pacnpegeAeHulo.

vnD&

IloaB3ysach onpepereHUEM M CBOMCTBAMM CAAOOM CXOAMMOCTH, W 3aMeTHUB, UTO (PYHKIIUI
pacnpepenenust P, ;2(r) AI0GOTO HOPMAABHOTO 3aKOHAa HeNpephIBHA BCIOAY Ha R (nouemy?),
yrBepkaeHUe LITTT MOKHO chOPMYAMPOBATE AIOOBIM M3 CAEAVIOUIUX CIIOCOOOB:

CaepctBue 19. [lycmb &1,&2,... — He3aBUCUMblE U OGUHAKOBO pacnpegeAeHHble CAyqal-
Hble BeAUHUHBl C KOHEYHOU u HeHyAeBolU gucnepcuel. Caegyroujue ymBepXgeHus 5KBUBAAEHM -
Hbl gpYT gpyry U pABHOCUAbHbL ymBepxgernutro LJTIT.

o Ars A10OBIX BeujeCMBEHHbIX © < Y NpU N — 00 UMeem MeCmo CXO0guMOCmb

y
S, —nE& / L _i2p

Plo<22 =S oy) - o .y = [ — dt;

(90 mD& y) 0,1(y) 0,1(36) o € ;

L] AAE AOObIX BeweCmMBEeHHbIX T < Yy Npu . — 00 uUMeeIn MeCmo CXxogumMocCmb

Yy
Sn—nE& / 1 —12/2
P < —<K — O - & = —_ dt;
(m vnD& y) 0.1(y) 0.1(2) V2T ¢

e AAsi A10OBIX BewjeCMBEHHBIX ¥ < Yy NPU m — 00 UMeem MeCmo CXOoguMocmb

Y
Sp, —nE& 1 / 1 —ep
Plog 25l i _y = dt;
(:r T y> — ®ooe(y) — Pope () = 5= | =€

e Ecau n — Npou3BOAbHAS C. B. CO CMAHGAPMHbLIM HOPMAABHBIM pAcnpegeAeHueM, mo

Sn—nE& Sn S’n—nEfl
onZNEM L, EeN o Eg ) =TS DE - € Nope,.
D& n € Noi1, Vn < - 51) NG §1-n € Nopg

3ameuanue 25. Eumle pa3 HalloMHUM, 4TO (PYHKIIMS pacHpeAeAeHUs CTaHAAPTHOTO HOP-
MaABHOT'O 3aKOHA HIeTCd AMOO IO COOTBETCTBYIOIIEN TaOAWIle B CIIPABOYHHKE, AMOO C TO-
MOIITbIO KaKOT'0-AMOO MPOTrpaMMHOT0 o0ecledeHuss, HO HUKaK He MyTeM HaXOXXAEHUS IepBo-
00Opa3HoMu.

Msr poxkakeM LITIT u 3BY B hopmMe XmHUMHA HECKOABKMMU TAaBaMM Ho3pHee. Hawm mo-
TpeOyeTCsT A 3TOT'O IIO3HAKOMUTBHCS C MOIJHBIM MareMaTUYeCKUM WHCTPYMEHTOM, KOTODBIN
B MaTeMaTHKe OOBIYHO Ha3bIBAlOT «IIpeoOpa3oBaHuaAMU Dypbe», a B TEOPUU BePOSITHOCTEH
— «XapaKTEPUCTUYECKUMU (DYHKIIUSIMU».

14.4 TIpeapeabHas TeopeMa MyaBpa — Aamnaaca

ITonyuuMm B kKauecTBe caepcTBusag u3 LITIT mpepeapHyro Teopemy MyaBpa — Aamaaca
(P. S. Laplace, 1812; A. de Moivre, 1730). Tlopo6uO 3BY BepHyAarn, mpepeabHas TeopeMa
MyaBpa — Aamnaaca — yTBep>KAEHUE TOABKO AN cxemol bepHyanu.
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Teopema 33 (IIpeperbHas TeopeMa Myaspa — Aamaaca).

ITycmb A — cobOblmue, Komopoe MoXem Npou3oimu B AOOOM U3 N HEe3aBUCUMbIX

ucnbimanuli ¢ ogHoli u moil e BepossmHocmblo p = P(A). IMycmb v,(A) — uucao
. vn(A) —np

ocyujecmBAenuli cobbunuss A B n ucnsimanusx. Torga % = Ny . Hnaue
np\lL—p

roBoOpA, gas AHOOBIX BeweCmMBEHHbIX T < Y Npu 1 — 00 UMeem MeCmo CXogumMoCmb

Yy

n(A) — 1
P (x <z y) — Do (y) — Po(x) = / =12 at;

N

np(1 — p)

T

Aoka3zaTeAabcTBO. [lo-peskHeMy 1,(A) ecTh CcyMMa HE3aBHCHUMBIX, OAMHAKOBO paclpe-
AGAEHHBIX C. B., UMEIOIIUX pacipeApereHre BepHyAAr ¢ IapaMeTpoM, PaBHBIM BEPOSITHOCTHU
ycnexa p = P(A):

n(A) =&+ +&n, §Z-:IZ~(A):{

1, ecAu A IPOU3OIIAO B i — M UCILITAHUM;

0, ecau A He IIPOU3OIIAO B ¢ — M HCIIBITaHUMU;

E&i =P(A) =p, D& =P(A)(1 - P(4)) = p(1 - p).

OcTarock Bocnoab3zoBaTbeda LITIT. ]

14.5 IIpumeps ncnoas3oBanuda LIIIT

ITpumep 50.
3 a0 aya u3 mpumepa 48. Moneta mop6paceiBaetcs 10000 pas. OneHUTH BEPOSITHOCTh
TOTO, UYTO YaCTOTA BHIMAAEHMS repba OTAMYAETCS OT BEPOITHOCTH OOAee UeM Ha OAHY COTYIO.

Vn—n - %‘ > (),01), raen=10% v, =" & =5, —
YHCAO BBINTAACHUM rep0a, a & — He3aBUCHUMEIE C. B., UMEIOIIe OAHO U TO JKe PaclpeAeAeHue
BepHyaAu ¢ mapameTpoM 1/2. AOMHOXUM 06€ 4aCTH HepaBEHCTBA TOA 3HAKOM BEPOSITHOCTH
Ha /n = 100 1 mopeAuM Ha KopeHb u3 auctepcuu /D& = 1/2 opHoro caaraemoro.

Pewewnue Tpebyercsa Havitu P (

P(%"—%'x),m):1—P(”—;—%‘<0,01):
_1_p< [V)z k| <o £1>_1_P(¢% %—E&‘@).

Coraacuo LIIT nam npepeabHOM TeopeMe MyaBpa — Aanaaca, IIOCA€AOBAaTEABHOCTD
_ 1 = ———-
D&\ n vnD&

cAab0 CXOAUTCSI K CTAHAAPTHOMY HOPMAABHOMY pacIlpeAeAeHHIo. PaccMOTpPUM TPOU3BOAB-
HYIO C. B. 1), UMeIOllyIo pacupepereHne Ny .

Vn_ |vn ~
1_p< - ;—Ec*l)sz) ~

~1—P(n <2)=1—(1—28,(—2)) = 2001 (—2) = 2-0.0228 = 0.0456.

PasenctBo P (|n| < 2) =1—2®(;(—2) crepyer u3 cporictsa 10.
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3ameyanue 26. l[leHTpaABHOU IIPEAEABHON TEOPEMOU IOAB3YIOTCSA AAS TPUOAMIKEHHOIO
BBIYMCAEHUS BEPOSATHOCTEHN, CBI3@HHBIX C CYMMaMU OOABIIIOrO YHCAA He3aBUCHUMBIX U OAMHA-
KOBO pacIipepeAeHHBIX BeAnmdyrH. [Ipum 3TOM pacupepenreHUe IIEeHTPUPOBAHHOM M HOPMUPO-
BaHHOM CyMMHBI 3aMEeHSIOT Ha CTAaHAAPTHOe HOpMaAbHOe pacupepereHre. HaCcKOABKO BeAmKa
omnmmnbOKa MpU TaKoN 3aMeHe (IIOrPelTHOCTb ITPUOAVIKEHUS) ¢

YopakHenue 28. Kakwue ellle npepeAbHBIE TEOPEMBI A CXeMBI bepHyAAn BB 3HaeTe?
Yro Takoe Teopema [lyaccona? Havitu ee. KakoBa IOrpelnrHOCTh IyaCCOHOBCKOTO NPUOAM-
KeHUA? BrruncAUTh ee. OOBACHUTH, UCXOAI U3 NOAYUYEHHOM BEAMUYWHE], IIOYEMy Teopema
ITyaccoHna He mpuMeHMMa B 3apaue U3 nmpumepa 50.

B nmpumepe 50 MBI BEIUMCAMANU MCKOMYIO BEPOSITHOCTH TOKE HE TOYHO, @ NPUOAMIKEHHO
— B3TASHUTE Ha PaBEHCTBO «~» U CIPOCHTe cebs: HACKOALKO MBI OMMOAMCL? CTOUT AU
AOBepaTh oTBeTy «0.0456»? YTo, ecam pas3HUIA MeXKAY BEPOATHOCTAMU B NPHUOAMIKEHHOM
PaBEHCTBE «~2» IIPEBOCXOAUT OTBET Ha MOPIAOK? CAEAYIOIIUN Pe3YALTAT II03BOASET OIIeHUTh
HIOTPEeIHOCTh IpubAm>xkeHud B LITTT.

Teopema 34 (HepasenctBo Beppu — IccéeHa).

B ycaoBusax LIIT gas aroboro x € R (mo ecme paBHomepHo no x)

Sp—nE& El6 —E&f
P — — P <0 =
‘ ( /D& <$) 0’1(“%)‘ S Vi(vD&)?

3ameuanue 27. [lpo nocrosnHyio C' U3BECTHO, UTO:
a) B obmem caydae C He npessimaet 0.7655 (M. C. IlluraHos),
0) IOTPEeNIHOCTh MPUOAVIKEHUSI HauboAee BeAMKa, €CAM CcAaraeMble §; UMeIOT pacupepe-

V1043

6v2r
B. A. Porosun),
B) KaK MOKA3bIBAIOT pacyeThl, MOKHO CMeAO O6paTh B KauecTBe C umcao 0.4 — pake AAS
CAaTaeMBIX C pacupepereHreM BepHyAAM, 0COOEHHO NPM MaABIX 7, KOTAQ W 3TO 3HAUeHHE
MTOCTOSTHHOW OKAa3bIBAeTCSI CAUIIIKOM I'PyOOM OIeHKOU.

reHue bepuyaan, u C B 3TOM CAydae He MeHbllle, 4eM ~ 0.4097 (C. G. Esseen,

[TodpobHeili 0630p moxcHo Halimu B moHoepagpuu B. M. 3osomapeBa «CoBpemenHas meopus
cymmupoBarus He3aBucumolx cayyalinelx Beaudurs», cmp. 264—291.

ITpoponaxenue npumepa 50. [IpoBepbTe, UTO AAS C.B. £ € pacupepereHueM bepHyAAu
Elei—E&P =10—p> P(&=0)+[1—pf P(&1 = 1) = P’a+¢*p = pa(p” + ¢°).

[TosTOMYy pa3HUIla MEXAY A€BOU U IIPABOM Y4aCTAMU NPUOAMIKEHHOI'O PABEHCTBA «~Z» B IIPU-
Mepe 50 mpu n = 10* u p = ¢ = 1/2 He IpeBHIIAET BEAWYUHEI

2 2 2 2
1
pa(p +<J3) P tyq <04 — = 0.004,
valvpa)' Ve
v, 1

TaK 9TO MCKOMasi BepOSATHOCTH P ( > 0,01 | He 60asnie, yeM 0.0456 4 0.004. YMmecTHO

CPaBHUTH 3TOT OTBET C OII€HKOM, MIOAYYEHHOU C nomoleio 34 B nnpumepe 48.

83



Chaepytomias mpobaeMa CBsizaHa € pacnpocTpaHeHHeHmuM Ha OO u MMO HIY 3abay-
SKAEHHEM, KOTOpOe MOJKHO 0Opa3HO IepepaTh adhopu3MoOM:

P<%<E§1>n:op(551<551):0, HO P<Sn<E§1>n:OP(E§1<E€1):1'

n

ITpumep 51.
3a0auvya. Tlyctk &1,&2,... — HE3aBUCUMBbIE U OAMHAKOBO pacCIlpeAEAeHHBIE CAyYalHBIe
BEAWYMHBI C KOHEUYHON M HEeHyAeBOHU pucnepcued, S, = & + --- + £, — CcyMMa IIepBBEIX N

CAyYaMHBIX BeAMYMH. [1pyu KaKUX ¢ UMeeT UAU He MMeeT MeCTO CXOAUMOCTH
Sn
Pl—<c¢)—=P(E&E<?
n

Sn
Pewewnue Corracuao 3BY, mocaepoBaTEABHOCTH — CXOAUTCS MO BEPOSITHOCTH (a,
n

CAEAOBATEeALHO, U ¢/1a60) K E&;.
Chabasi CXOAMMOCTDb O3HAYaeT, 4YTO IOCAEAOBATEABHOCTD (DYHKITNM pacupeperenus F,(c) =

S,

P <—” < c) cxopuTCs K pyHKIMU pacupeperenus F(c) = P(E& < ¢), ecan F(r) HenpepbiBHa
n

B TOUKe ¢ (M HUYEro He O03HavaeT, ecAu F(z) pa3phiBHA B Touke c¢). Ho

0, c<E&;

Fle)=P(E& <c) = {1 o Ee

eCThb (PYHKIMS pacIpeAeAeHUs BBIPOJKAEHHOI'O 3aKOHA M HeINpephIBHA B AIOOOM TOYKE c,
. S,

KpoMe ¢ = E&. WMTtak, nepBBIfl BHIBOA: CXOAUMOCTEH P (—" <c) — P(E& < ¢) umeer mecTo
n

AAST ATOOOTO ¢, KpoMe, BO3MOXKHO, ¢ = E&;. YbBeammcst, uTo aas ¢ = EE; TaKoM CXOAMMOCTU
OwITH He MoXkeT. ITyctb 7 € Ng ;. Coraacuo LITIT,

(% <) p (% £6) <) <0 =0 L pies <6 <0

Sh 1
AHaANOTMYHO, KCTaTH, BepeT cebst u BeposATHOCTE P | — << E¢; ). Ona ToOXXe CcTpeMurcs K 7
n

anek P(E¢ <E&)=1.

U m3gmuoe ynpa’kHeHHe Ha Ty JKe TeMY:

VYnpaxHenue 29. AoKa3saTb, 4TO

0.999999n 1
: n—1_-y —0-
A oy ¢ =0
0
n
1 1
li ———y" e Vdy = —;
nooo ) m—11Y ¢ TG
0
1.000001n 1
. n—1_-—y —
Am / oy ¢ W=t

0

Ykaszanue Kaxpblll U3 UHTErparoB paBeH (PYHKIUU paclpepeAeHUsT CyMMBl He3a-
BHCHUMBIX CAYYAWHBIX BEAWUYMH C KAKMM-TO IIOKA3aTEeABHBIM paclpepereHueM B HEeKOTOPOU
TOUKe. BCIOMHUTB, UTO TakKoe raMMa-paclpepereHUe M YTO TaKOe «YCTOMYUBOCTH OTHOCH-
TEABHO CYMMHPOBAHUSY.
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Pa3pen 15. Xapakrepucrunyeckue (PyHKIINU

Bcropy B 3TOit TAaBe i = y/—1 — MHUMasi €AMHWIA, t — BellleCTBeHHasl IlepeMeHHas,
et = cost+isint — dopmynaa Diiaepa, E(n+i¢) = En+iE¢ — cnocob BLMMCAeHHs MaTeMaTH-
YEeCKOTr'0 O’KMAAHMS KOMIIAEKCHO3HAUHOU CAYYaHOM BEAMYMHEI 1) + i(, €CAM MaTeMaTU4eCcKue
OKMAQHUS ee AeMCTBUTEABHOU (7)) ¥ MHUMOM (( ) 4acTel CYIeCTBYIOT.

Kak Bcerpa, MOAYA€M KOMIIAGKCHOTO YHCAA z = ¥ -+ iy HasbBaeTcs |z| = /2 + y?, Tak
YTO ‘e”‘ =1.

Omnpepenenne 53. DyHKIUA @¢(t) = E e’ HasLIBaeTCS Xapakmepucmuyeckol ghyHkyuel
CAy4aHOM BEAWYHUHEI &.

15.1 IIpumepsl BBIYNCAEHUS

IIpumep 52. IlycTe c.B. £ uMeeT pacupepereHne bepHyaau ¢ mapaMeTrpoM p. Ee xapak-
TepucThdeckas PyHKIUA (X. d.) paBHa

pe(t) =Ee =" OP(E=0) + " P(€=1) =1 —p+pe”.
ITpumep 53. IlycTh c.B. ¢ MMeeT GMHOMUAABHOE pacIlpepeAeHue ¢ mapaMeTpaMu n U p.
Ee x.d. paBHa

n

cpg(t):Eeit5:Z ztkp Zeztkck k )n—k:
k=0

= ZC’S (peit)k (1—p)" " =(1—p+pet)".
k=0

[TocrepHee paBeHCTBO CyTh OMHOM HpIOTOHA.

ITpumep 54. IlycTe c.B. £ uMeeT pacnpepereHue [lyaccona c mapameTrpoM A. Ee x. .
paBHa

[e%S)
)\k
<P§ _Eeztf Zeztkp _k Zeztk - e—/\:
k=0 '
[e%s)

— e = exp{A (¢" —1)}.

k=0

IIpumep 55. IlycTe c.B. £ UMeeT IIOKA3aTeABHOE PAcCIpeAeAeHHe C ITapaMeTpoM a. Ee
X. . PyHKIUA paBHA

o0 o0 (e o]
@e(t) = Ee = /eim fe(x)dx = /em ae” “dr = /ae_cc(o‘_it) dx =
0 0 0
o0
— « _efx(afit) — 8]
a— it 0 a—it’

IIOCKOABKY ITIPH & — 0O MOAYAb BeAMUMHBI e () — ¢=0% . ¢i% crpeMuTcs K HYAIO:
‘efx a— zt)‘ — e 0T _, .
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ITpumep 56. [lycth c.B. ¢ mMeeT raMMa-paclpepereHme c nmapamerpamu «, A. Ee x. .
paBHa

o0

%@zuﬁz/“wg (/ O A1 e gy
0

0
/\ w A . -\
/$A—1 e—:c(oc—it) dr = ( o : > — (1 _ ﬁ) .
a—it a
0

WHTerpan MBI BEIYMCAMAM C IIOMOIIBIO TaMMa-(pyHKIUM OiAepa:

/:c)‘l e t) dy = % / (z(o —it)) L e ™) dp(a — it) = L))\
/ (o —it) J (o —it)

ITpumep 57. [lycThb c.B. & uUMeeT CTaHAAPTHOe HOpPMaAbHOe pacipepereHue. Ee x. .
paBHa

[e o]

o .2
/eztme m/2d$:

17 |
et —27T / €—t2/2 e_(l'—lt)2/2 dx — e—t2/2 27T / LU lt d(m _ ’Lt) — e_t2/2‘

Kak BCeTrAq, IIPpU MHTETPUPOBAHUU MBI BBIACAWAN TOAHBIN KBaApPaT B ITOKa3aTeAe O9KCIIOHEHThI

1 —u2/2.
V2T

pe(t) =

5~
3

U BCIIOMHHMAHW, YeMY paBeH MHTETpaA IO BCeW NMPSAMON OT (DYHKIIUU e A yemy oH

paBer?

CaMoe BpeMs OCTaHOBUTBLCS U cpocuTh: 'Hy m uto? 3auem HaM 3TU (PYHKIHNU U KAaKOU
oT HUX Ipok?" lpuraaiiiato YnuTaTeAss MO3HAKOMUTLCS C 3aMedaTeAbHBIMU CBOMCTBAMU X. .

15.2 CpoiicTBa XapaKTepucTU4eCKux GyHKIUN

®1. XapakTepuctuueckas (PyHKIVS BCErAa CYIIECTBYET:

[pe(t)] = [Ee™| <E[e™| =E1=1

Ilore3HO BCIIOMHUTB, YTO OOBIYHEBEIE MaTeMaTHYeCKHe OKHMAQHUSA CYIIECTBYIOT He y BCeX
pacipeAereHn .

P2. Tlo xapaKTepUCTHUYECKOU (PYHKIIUM OAHO3HAUYHO BOCCTAHABAWBAETCS paclipepeeHue
(dbyHKIIMA pacupeAeAeHUd, a TaKKe IIAOTHOCTb UAM TaOAUIlA paclpepereHusd). To ecTb
€CAU AB€ C.B. UMeIOT OAMHAKOBEIE X. (., TO U paclpepeAeHNs 3TUX C. B. COBIAAAIOT.

@OopMYyABL, € IOMOIUILIO KOTOPHIX 3TO AeAdeTCsl, B aHaAK3e Ha3bIBaloT (hopMyaaMu «00OpaT-
Horo mpeoOpa3oBanusi Oypre». Hampumep, ecan MOAYAB X. . HMHTErpupyeM Ha BCeH Ips-
MOH, TO y C.B. €CTb IIAOTHOCTH PACIPEAECACHHUS, U OHA HAXOAUTCA IO (pOpMyAe (IIPOBepbTE
Ha IpuMepe npuMepa 57)

felo) =5 [ et

—00

Hwu opra n3 dpopmya obpatHoro mpeobpa3oBanus Oypbe HaM He TOHAAOOUTCS.
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®3. XapakTepuctuieckas (PYHKIUS C.B. a + b cBsI3aHa C X.d. CAyIaWHOM BEAWUYUHEL &
pPaBeHCTBOM

SDaerﬁ(t) _ Eeit(a+b£) _ eita (Pg(tb)

ITpumep 58. BrrunicauMm X. . cAydaliHOU BEAWUYMHEI £, UMeIOIell HOpMaAbHOE paclipe-

N £—a
AeAeHMe C TapaMeTpaMM a U o2. MBI 3HaeM, YTO y CTAaHAAPTU30BaHHOMN C.B. ( =
o

2 o o
~/2, Torpa X.d. CAYYaHHOH BEAMUHHEI

XapaKTepHucTHdecKass (yHKIUS paBHA ¢c(t) = e
¢ =a+ o( paBHa

‘ , 252
0e(t) = Patoc(t) = elta p¢(to) == gita e*(t")rz/2 = exp {z’ta — TU} .

®4. XaparTepucTtrueckas QYHKIUSI CYmmsl He3aBucumslix c. 6. paBHA IIPOM3BEACHHUIO XapakK-
TEPUCTUUYECKUX (PYHKIIWM cAaraeMbIX: €CAU C.B. £ U 7) He3aBUCUMEI, TO, 110 CBOMCTBY E6
MaTeMaTUYeCKUX OXKUAAHUU

Pen(t) = EME = Ee™ Ee™ = pe(t) py(1).

OTHUM 3aMeuyaTeAbHBIM CBOMCTBOM MBI CPa3y JKe BOCIIOAB3yeMCs, Kak oDellanu, AASI AOKa-
3aTEAbCTBA A€MMEI 6, YTBEP>KAQIOIIEN YCTOMYMBOCTH HOPMAABHOTO pacIpeAeAeHUsT OTHOCH-
TEABHO CyMMUPOBAHUS.

ITpumep 59. AoKa3aTeAbCTBO AeMMBI 6.
[TycTb cAaydaliHble BEAWUYUHB § € Naw% uneE Nawg HEe3aBUCHMBI. XapaKTepucTuuecKas

dyHKIIMSA CyMMEI £ 4+ 1) paBHa

. t202 . 1202 . t2(0? + o2
ean(t) = @e(t) pp(t) = exp {Zml - Tl} exp {ztag — TQ} = exp {zt(al +ag) — %} .

To ecTh X.d. CyMMBI €CTh XapaKTEPUCTHYECKasd (PYHKIUSI HOPMAABHOI'O PACHPEAECAEHUS C
napamMeTpaMu aj + ag, o3 + 03, Torpa £ +1n € Ny, tag,02402 IO CBOKCTBY P 2.
O

ITpumep 60. Aoka>keM CBOMNCTBAa YCTOMYMBOCTHM IO CYMMHPOBAHUIO OWHOMHAABHOIO
pacrpepenreHus, pacupepereHusa IlyaccoHa u ramma-pacinpepereHus (AeMmel 4, 5, 7), uc-
IIOAB3YS BBIYHCAEHHBIE B IpuMepax 92 — 56 xapakTepucTuueckKue MOYHKIIUU.

AASI He3aBUCHUMEIX C.B. C pacupeperenussMu ITyaccona Iy u 11, X. . cymMMBbI

Pein(t) = pe(t) o(t) = exp {A (" = 1)} exp {p (e = 1)} = exp {(A+p) (" = 1)}

paBHa XapaKTepUCTUUYECKON (PYHKIIUM pacupepereHus [lyaccoHa ¢ mapameTrpom A + .

AAsl He3aBUCHUMBIX C.B. ¢ OMHOMHUAABHBIMU pacupeperenusmu B, , u By, , X. . cymmbr

n+m

Pein(t) = @e(t) op(t) = (1 —p+pe™)" (1 —p+pe™)™ = (1 - p + pe™)

paBHA XapaKTepUCTUUECKOM (PYHKUIMN OWHOMHMAABHOTO pPAaCIpPeAeAeHUus C llapaMeTpaMu
n-—+m, p.

AAS n He3aBUCHUMEBIX C.B. C MOKa3aTeAbHBIM pacipepereHueM E, x.d. cyMMbI

a — it leY

paBHa XapaKTepHUCTUYECKON (PYHKIIMU raMMa-paciipeAeAeHUs C TapaMeTpaMu &, n.
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®5. Tlycth cymiecTByeT MOMEHT Iopsiaka & = 1,2,... CAy4YaliHOM BEeAWYMHEBI &, TO €CTh
E|¢|F < co. Toraa ee xapakTepucTUIecKas (DyHKIUS @¢(t) HenpepsIBHO Aud depeHIupy-
eMa k pa3s, u ee k-9 Ipou3BOAHad B Hyse CBs3aHa C MOMEHTOM IOpPSAKA k PaBEHCTBOM:

" . i
- (G5 |- erees

Cy1iecTBOBaHNEe U HEIIPEPLIBHOCTD k-1 MPOU3BOAHOM, PABHO KaK M 3aKOHHOCTH IIepeHoca
IIPOU3BOAHOM II0A 3HaK MaTeMaTUUYeCKOI'o OJKMAAHUS MBI AOKA3bIBaTh He OYAeM.

= i"ECF.
t=0

t=0

YapaxHeune 30. AoKazaTb, UYTO AAST C.B. £ CO CTAHAAPTHLIM HOPMAABHBIM pPacIIpeAeAe-

HUeM MOMEHT YeTHOTO Topsiaka 2k pasen E &2 = (2k — 1)!! e (2k—1)-(2k—3)-...-3-1.

AOK&B&TB II0 OIIpepeAeHruIo, YTO BCe€ MOMEHTBI HEYEeTHBIX IIOPSAKOB CTAHAAQPTHOTO
HOPMAABHOI'O pacCIipepAeneHUs CYIIeCTBYIOT U PABHBI HYAIO.

Kaxk TOABKO MOSIBUAKUCH IIPOU3BOAHBIE BBICIIUX ITOPSIAKOB, CAaMO€e BpeMs Pa3A0’KUTh PYHK-
uuio B pap Tenaopa.

®6. Ilyctp cymecTByeT MOMEHT Iopsiaka k = 1,2,... CAy4YallHOM BEAWYMHEBI &, TO €CThb
E|¢|F < co. Toraa ee XapakTepuUCTHYeCKasl (DYyHKITHUS @¢(t) B okpecTHOCTH TOUKH ¢ = 0
pasaaraeTcsa B pgp Tetinopa

k
pe(t) = Z

£ i bt i
=0 (0) +o([t*) = 1+ —E& +o(|t*]) =
“J! pec il
t2 kk
:1+z’tE§—§E§2+.. Eg'f o([t¥]).

Pappr Telinopa, KakK NpaBUAO, BO3HHUKAIOT NPU IIpeAeABHOM Iepexope. Chaepylollee
OCHOBHO€ CBOUCTBO XapaKTEPUCTHUUECKUX (PYyHKIIMU HOTpeOyeTcs HaM AAS AOKa3aTeAbCTBA
NIpPEeAEABHBEIX TEOpeEM, W 3TO CBOMCTBO — IIOCAEAHSS TeOpPeMa, OCTaBA€HHasg HaMu 0e3
AOKa3aTeAbCTBa.

Teopema 35 (Teopema 0 HENIPEPBIBHOM COOTBeTCTBUHU). CAyualiHble BeAUYUHBL &, cCAAOO
cxogsamesi K €.B. & morga u mMOABKO MOrgad, Korga gas AwoOoro t xapakmepucmuuecKue
pynkyuu ¢, (t) cxogamea K xapakmepucmuuieckoli pyHKuuU ¢ (t).

CdopMyarpoBaHHas TeopeMa yCTaHAaBAMBAET HeIIpePBIBHOE COOTBETCTBHE MeXXAY KAac-
camu (Fg, = ) DyHKIUN pacIpeAereHusl CO CAAGON CXOAMMOCTBIO U (¢, —) XapaKTepUCTH-
JyecKuX PYHKIIMU CO CXOAMMOCTBIO B Ka)XKAOU TOYKe. «HenpepelBHOCTBE» 3TOrO COOTBETCTBUS
— B TOM, 4YTO IIPEAEAY B OAHOM KAAcCe OTHOCHUTEABHO 3aAaHHOM B 3TOM KAACCe CXOAUMOCTU
COOTBETCTBYET ITPEAEA B ADYTOM KAacCe OTHOCUTEABHO CXOAUMOCTH, 3aAaHHOM B 3TOM KAacce.

OcTanoch BOCIIOAB30BATECSI TEOPEMOU O HENPEPHEIBHOM COOTBETCTBHUM U AOKA3aTh

3b4 B dopme Xunununa u LIIT.
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15.3 AokazareabcTBo 3bU XuHYMHa

[Tycts &1, &2, ... — MOCAEAOBATEABHOCTDH HE3aBUCHUMBIX U OAMHAKOBO PACIIPEAEAEHHBIX CAY-
YaWHBIX BEAUYUH C KOHEUHBIM nepBoim moMeHTOM E|{(| < co. OG03HauUMM yepes a MaTeMaTH-
yeckoe oskupaHme E;. TpebyeTca A0KazaTb, UYTO

&:fl"‘"“"fni)

a.
n n

[To cBoticTBYy 19 CXOAMMOCTH IO BEPOATHOCTU K NOCMOSHHOU 3KBHUBAA€HTHa cAaboOM CXO-

puMocTu. Tak Kak a — IOCTOSHHAs, AOCTATOYHO AOKa3aTh CAAOYIO0 CXOAMMOCTH % =

51 +---+ {n

= a. I'lo TeopeMe 0 HEIPEPLIBHOM COOTBETCTBUH, 3Ta CXOAUMOCTb UMEET MeCTO,
n
€CAU U TOABKO €CAU AN AT0OOTO t € R cX0oAATCS XapaKTepucTuieckue (pyHKIUM

ita

s /n(t) = @a(t) = Ee"® = ¢’

HatipeM XapaKTepUCTHYEeCKYI0 (PYHKIJUIO C. B.
UM

—". TloAbsysch corictBamu ®3 u ®4, moAy-
n

= (£) e ()

BCIIOMHHM, 4TO IEPBBEI MOMEHT | CYILI€CTBYET, I03TOMY CBOHCTBO ®6 I103BOASIET PA3A0IKUTD
@¢, (t) B psip Telinopa B OKpeCTHOCTH HYAST ¢¢, (1) = 1+itE& +o(]t]) = 1+ ita+o(|t]). B Touke
t/n, COOTBETCTBEHHO,

> > n

L I (t) = LD Ry RO
P& n) = n o n ) PSn/n = | ¥4 n - n o

T\ "
Ilpu n — 00, IOAB3YSACH «3aMeYaTEABHBIM IIPEASAOMD» (1 + ﬁ) — €%, IOAy4YuM

@5, /n(t) = (1—1——+0< ))n — elte,

4TO U TpeOOBAAOCH AOKA3aTh. ]

t
n

t

n

15.4 AoOKa3zaTeAbCTBO IEHTPAAbHON IIPEAEABHON TE€OpPEMbI

[Tyctb &1,&, ... — IMOCAEAOBATEABHOCTH HE3aBUCUMBIX X OAMHAKOBO PaCIpPEAEAEHHBIX CAY-
YaWHBIX BEAWYMH C KOHEYHOU M HEHYAEBOU Aucnepcuen. O003HaAUYMM 4yepe3 a MaTeMaThde-
ckoe oxxupanue E¢; u yepes 02 — aucnepcuto DE;. Tpebyercsi AOKa3aTh, 4TO

Sp—mna &+ + & —na

= = Ny 1.
ov/n ov/n 0.1
i —

g
A€BBIMU MaTeMAaTUYeCKUMU OXHUAAHUAMU U €AMHUYHBIMU AVCIIEPCHUAMU. HYCTB Zn eCTh UX

cymma Z, = (1 + -+ ¢ = (Sp, — na)/o. TpebyeTcst AOKa3aTh, 4TO
Zn,
vn

XapakTrepuctuueckasi PyHKIUS BEAUYUHBI 7, //n paBHa

SDZn/\/ﬁ(t)g}SoZn <%> B (9% <%>)” (25)

o a
BBeAeM CTAaHAAPTU30BaHHBIE CAYYAWMHBIE€ BEANYHNHBL Cz = — He3aBUCHUMBbIE C.B. C HY-

= NO,l-
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XapaKTepuCTUYeCKy0 (PYHKIINIO C.B. (] MOKHO Pa3AOXUTH B pap Teliaopa, B Koadhpunuen-
Tax KOTOPOTO MCIOAB30BaTh U3BeCTHEIe MOMeHTH E¢; = 0, E¢;2 = D(; = 1. TToayuum
2

t2
oo () B 1+itEG — S EG7 o) =1- 5 +o(i?).

[ToACTaBUM 3TO pa3AOKeHMe, B3ATOe B TOUYKe ¢/y/n, B paBeHCTBO (25) U ycTpeMuMm n K Gec-
KoHeyHOCTH. Ellle pa3 BOCIIOAB3yeMCSl 3aMedYaTEeAbHBIM IIPEAEAOM.

S ) (L I

B npepene MOAYYHMAU XapaKTEPUCTHUUECKYIO (PYHKIMIO CTAHAAPTHOTO HOPMAABHOI'O 3aKOHA.
[To TeopeMe 0 HenIpepHEIBHOM COOTBETCTBUU MOKHO CAEAATH BBIBOA O CAAOOM CXOAMMOCTU

Zn _Snzna N,

NZD ovn
pacnpeAereHNH CTaHAAPTU30BAHHBEIX CYMM K CTA@HAAPTHOMY HOPMAAbHOMY PacIIpeAeAeHUIo,
uTO U yTBepkpaercs B LITIT.
O

[MTonpoOyiiTe Teneps CaMU:

YopakHenue 31. [lycts npu AtoboM A > (0 caydyaliHasi BeAMUHHa &) MMeeT pacIpejreAe-
une Ilyaccona c mapameTrpoM A. Vcmoab3ys TeopeMy O HEIPEpPHIBHOM COOTBETCTBHH, AOKa-
3aTh, YTO CAyYaUHBIE BEAWYNHEI

E—A
Vo)

CcAa00 CXOAATCS K CTaHAAPTHOMY HOPMAaAbHOMY PacCIpPeAeAeHUI0 IIPU A — 00.
XapakTepucTuieckas (PyHKIHUSA C.B. £, BEIUUCAEHA B IpuMepe 54.
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Pa3pen 16. Aoka3aTteAabCTBO TeopeMbl IlyaccoHa

Ham ocranrock pokasaTte TeopeMy IlyaccoHa. B AOKa3aTeAbBCTBO OYyAYT MCIOAB30BATBHCH
TOABKO CBOMCTBA YCTOMYHUBOCTU OMHOMHMAABHOI'O U IIyaCCOHOBCKOI'O PAaCIIPEAEAEHUN OTHOCH-
TEABHO OIlepallui CyMMHpOBaHHusA. HuKakue pa3peAbl, CBSI3aHHBIE C YUCAOBBIMU XapaKTepH-
CTHKAaMHU C. B., CXOAUMOCTSIMHU AU XapPAaKTEePUCTUIECKUMU (DYHKIIUSIMH, HaM B AOKa3aTeAbCTBE
He ITOHAaA00SITCS.

BcnoMHUM yTBEpKAeHUE, KOTOpPOe MBI COOPAAKWCH AOKA3bIBATh. lelepb, KOTAA MEI
3HAaKOMBI C TEDMHHOM «PacIpeAeAeHHe», MOKHO C(hOPMyAHUpOBaTh TeopeMy IlyaccoHa Tak:

Teopema ITyaccoHa C OI[eHKO¥ MOTPEITHOCTH

IMycts A C {0,1,2,...,n} — IPOU3BOABHOE MHOYXECTBO I[€ABIX HEOTPHUIIATEABHBIX
4hCeA, CAydaliHas BeAMYMHA v, UMeeT OMHOMHAAbHOe pacrpeperenue B, , ¢ mapa-
MeTpaMU n U p, CAydaiiHasl BeAWYUHaA [, UMeeT paclpepereHue [lyaccona c mapa-
MeTpoM A = np. Toraa

[P € A)— PluneA) | =| STCEpb (1—p)"F =302 e | <mp? = 2,
keA keA

VHaue roBops, TpeOyeTcsa AOKa3aTh, YTO

sup\ P(Vn € A) - P(:un € A) | < np2.
A

AOKa3aTeAbCTBO IIPOBEAEM, UCIIOAB3YS TaK Ha3bIBAEMBIN «METOA OAHOTO BEPOSATHOCTHOTO
IIpOCTPaHCTBa». HaMm HY’>KHO OLIEHUTH CBEPXY PA3HUIY MEXXAY ABYMS pacIpeAeAeHUsIMU, a
VMEHHO: AOKa3aThb, 9TO AT AFOOBIX MHOKecTB A C {0,1,2,...,n} pa3sHHUIY MeKAY BEPOSITHO-
CTSIMM TIOTIAAAHUSI B MHOKeCTBO A OMHOMHUAABHOM (C TTapamMeTpaMu n ¥ p) U TyaCCOHOBCKOU
(c MapaMeTpoM np) CAYYAMHBIX BEAMYMH MOJKHO OIeHUTH BEAWYHHOU np?.

3aMeTuM, Ipe>kpe BCero, 4To Pa3HoOCThb

|Pn€ A) = P(un € A) [=| Y CrpF (1—-p)"*=> e
keA keA
HUKAK HE 3aBUCUT OT TOT'O, KaKUM 06pa30M BEeAWYUHEL Vy U [y, BBAUMOCBSA3dHBI 1 HA KAaKOM
BEpPOATHOCTHOM ITPOCTPAHCTBE 3dAdHEI, €CAM TOABKO OAHA M3 3TUX BEAMYUH HMMeEeT OMHOMU-
aAbHOE, a BTOpasi — ITyaCCOHOBCKOE pacIpeAeAeHre C HyKHBIMU TapameTrpaMu. CoBMeCcTHOe
pacipeapaereHre 3TUX BeAWYUH TyT HUKAK He y4aCTBYeT, IIO3TOMY AdHHASI Pa3HOCTh He U3Me-
HUTCA, eCAY 3aMEeHUTH Vy U Uy HA apyaue CAY‘-IaIZHbIe BEAWYMHEI C TEMU JX€ PACIIPEACACHUSAMUN.

[TepBoe, YTO MBI CAEAAEM — AOKAXKEM, UTO AASI ABYX CAYYAMHBIX BEAUUUH & U 1) (A€ YTOAHO
3aAQHHBIX) «PACCTOSTHUE MEXXAY PACIIPEAeACHUsIMU», TO eCTh sup, | P(€ € A) — P(n € A) |, ne

OOABIIIE, YeM BEpPOSITHOCTL P (5 # 77) ABYM npou3BosieHbiM CAYIaUHBIM BeAWduHaM &, 7] C AaH-

HBIMHM pacCIIpepAeNneHUAdMU He COBIIQAATE. HOHFITHO, YTO 3THU HOBEIE C. B. AOAJKHBI OLITE 3dAAdHBI
Ha OAHOM BE€POATHOCTHOM IIPDOCTPAHCTBE, 1 HAUAYUIIIAsI OII€eHKA CBepPXYy ITIOAYUYUTCS, €CAN HaM
YAQCTCSI mak 3a0ame Ha 00HOM BeposmHocmHom npocmpaHcmBe c. 8. £, pacnpedesneHHyro Kak

&, umn, pacnpedeseHHyto Kak 1, ymobsl BeposmHocms P (é #* f;) 66110 HaumeHbwed.
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AemMma 9 (HepaBeHCTBO KamauHra). [lycmb £ U 1) — Npou3BoAbHble C.B. Ilycmb cayuati-
HaA BeAuquHA £ OGUHAKOBO pacnpegeAeHa ¢ &, CAydalHasi BEAUYUHA 7) OJUHAKOBO pacnpege-
A€Ha C 1), U BeAuduH»l &, 17 3aganbl HA OGHOM BeposimHOCmHOM npocmpaHcmBe. Torga

sup | P(§ € A) = P(ne A) [ <P(££7).
ACR

3ameuanue 28. Kanauvzom (coupling) AByX c.B. & W 1) HA3BIBAIOT 3apaHUe HA OAHOM
BEPOSITHOCTHOM IMPOCTPAHCTBE CAYYAWHBIX BEAWYMH &, paclipepeAeHHOU Kak &, U 1), pacipe-
AEAeHHOHU Kak 7).

AoKa3aTeAbCTBO HepaBeHCTBa KamAuHra. Bocnoabsyemcs paBenctsom P(C) = P(CNB)+
P(C'N B), a Tak>Xe TeM, YTO BEPOSITHOCTH [IepecedueHusi AByX COOBITHI He IPEBOCXOAUT BEpO-
SITHOCTU AIOOOTO M3 HuX. AAs Ato6oro MmHOKecTBa A C R

Peea)=P(Eca)=P(fcai=q)+P(cAisq)=

TO eCTb
PEeA)—Pnea) <P ({#£7).

[Tomensem mMecTtaMu £ U 1) U TIOAYYUM, 9TO AAST ATob6oro MHOXKecTBa A C R

[Pee )~ Plned) [ <P(§£7). O

3ariMeMcsd 3apaHHeM Ha OAHOM BEePOSTHOCTHOM IIPOCTPAHCTBE BEAWUYMH U, U [i,, paclpe-
AEAEHHBIX KakK Vy U [i,, COOTBETCTBEHHO.

IMycth &4, .. .,&, — He3aBUCUMBIE CAyYalHBIe BEAMYMHE], UMelollne pacipepenreHue bep-
HYAAU C TIapaMeTpoM p. Toraa ux cymMma v, = &1 + ... + &, nMeeT OMHOMUAABHOE pacIipepe-
A€HUe C IapaMeTpaMH 1 U p, TO eCTb OAMHAKOBO pacCIIpepeAeHa C V.

ITycts m1,. .., — HE3@BHUCUMBIE CAYUYAWHBIE BEAMYUHBI, UMeloIue pacnpepeaeHue [lyac-
COHA C IapaMeTpoM p. Torapa ux cymma fi, = 11 + ... + 1, TakKKe HUMeeT paCIpepeAcHUe
[Tyaccona ¢ mapamMeTpoM, paBHBIM CyMMe IIapaMeTpOB CAAraeMbIX, TO €CTb np, U OAUHAKOBO
pacrupeapeAreHa C [,. Mebel OypaeM CcuuTaTh, 9YTO 3TH HAOOPHL C.B. Cpa3y 3aAaHbl Ha OAHOM
BEPOSITHOCTHOM IPOCTPAHCTBE, U M03>Ke MOCTPOUM HX.

Torpa, B CUAY HepaBeHCTBa KAIlIAMHTA,

| P(v, € A) — P(u, € A) | gP(ﬂn#ﬂn)=P<Z&¢Zm>.
=1 =1

3aMeTuM Telepb, YTO €CAM ABE CYMMBEI C HEOTPUIIATEABHBIMU CAAraeMBIMHU He PaBHBI ADYT
APYTY, TO XOTs OBl OAHO CAaraeMoe B IIEPBOM CyMMe OTAMYAEeTCSI OT COOTBETCTBYIOIIEIO CAa-
raeMoro B Apyrou cymme (unaue...). I[Tosatomy

| P(vn € A) — P(un € A) | <P (Z@ #Zm) <P <U{& #m}> <Y PE#m).  (26)
=1 =1 =1 =1

B mocAeAHEM HepaBEeHCTBE MCIOAB30BAHO, YTO BEPOSTHOCTH OOBEAMHEHUSI He MPEBOCXOAUT
CYMMBI BEPOSAATHOCTEN.

OcTaroCh Ternephb TaK 3aAaTh HA OAHOM BEPOSTHOCTHOM IPOCTPAHCTBE & W 1);, YTOOBI
MUHUMU3UPOBATE P (& # n;).
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[MTycTb MHO’KECTBO SA€MEHTapHBIX UCXOAOB {) eCTb n-MEpPHBIM KyO, CTOPOHBI KOTOPOTO
— orpes3ku [0, 1] Ha OCsIX KOOPAMHAT, BEPOSTHOCTb €CTh IPOCTO Mepa Aebera, 3apaHHast Ha
o-anreOpe OOpeAeBCKUX MHOXKECTB.

Bom ,003HO cedyac mom, Kmo nNo/IeHU/ICA O HUX npo4umame, dosxceH 06 amom noxcansems!

To ecTh MBI Haypauy BBIOMpaeM TOYKYy w = (wi,...,wp) B KyOe, WAHU, UYTO TO >Ke caMoe,
Ka’KAYIO M3 KOOPAMHAT w; BBIOMpaeM HayAauy W HEe3aBHCHMO OT APyrux Ha [0, 1].
TTocTpouM AAST K&XKAOTO ¢ = 1,...,n IO w; CAydaiiHble BeAnduHsl & = &;(w;) u n; = n;i(w;) ¢

HY>KHBIMH PacIlpeAeAeHUsIMY, YTOOBI OHM, K TOMY K€, COBIIAAAAU C OOABIION BEPOSTHOCTHIO.
[ToAo>xuM

0, ecnm0<w; <1—p,
Ci(wi) =
1, ecaml—p<w; <1

Orta c.B. wumeer pacnpeperenue bepuyamu: P(§ = 0) = PO < w; < 1 —p) = 1—p,
P =1)=Pl-p<w<1)=p

CJ\Y‘I&I\/’IHGH BeAWMYHHA 7); AONJKHA MMETh paclipepeneHure HY&CCOHa C IIapaMeTpoM p, TO

ectb pp, = P(n; = k) = % e? nmpu k£ = 0,1,2,.... CymMMa 3TUX BepodaTHOCTel paBHa 1,
IIO3TOMY MOJKHO Pa3buThb mom e camolii oTpe3ok [0, 1] Ha OTpe3Kku, AAMHA k-TO U3 KOTOPBIX
paBHa pi pu k = 0,1,2,..., ¥ IOAOKUTE 7); = k, €CAU w; TPUHAAAEKUT OTPE3KY C HOMEPOM
k:
3 0, ecau 0 < w; < po,
ni 1, ecam pp < w; <po+pi,
2 2, ecam py+p1 < w; < po+p1+ P,
ni(wi) =
1
13 k, €CAU po+ ... +pk—1 S w; < po+...+Dpk,
' < < 1 w;
N\, 0 [ [ ¢
ST
2
<

C OYEeBUAHOCTBIO, IIOAYYUM C. B. C pacClIpepeneHrueM HY&CCOH&:

P(m:k):P(po—l—...—l—pk,l<wi<p0+...+pk71+pk):pk, k:0,1,2,....

0 1

OTmeTuM, 4TO py = % e P = e P, AOKaXkeM, 4TO > eP
e*)l—pnpnp}().' Y

AeNCTBUTEABHO,
a) mpu p = 0 3HaYeHus1 PYHKIUH COBMApaIoOT: e * =1—0=1;
0) Tpou3BOAHBIE B HyAe V e P 1 1 — p TaK)Ke COBIIAAQIOT (M paBHBI —1)

B) 1pu p = 1 AeBad 4acTh GOAblIe ImpaBoit: e ! > 1 —1=0;
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r) dyHKIUA e P BBIIyKAA (ee IPOM3BOAHASA OTPHUIlATEABHA BCIOAY), TaK YTO KOCHYBIIHNCH
OAHAKABI IIPSIMOM 1 — p, OHa ee He IlepeKaeT HUTAe, OCTaBasCh BCerAa OOABIIIE.

I[MocMoTpuM, C KaKOU BEPOSITHOCTBIO C.B. & M 7); HE COBMAAAIOT. JTO MPOUCXOAUT IIPU
1—-p<w; <e?— uHaosrtoMm untepBanre & =1, an, =0, aTakkKe IpU w; = pg+p1 =€ P+ pe P
— Ha 3ToM uHTepBaire & =1, a n; = 2. [loaTomy

P& #n)=Pl—-p<wi<ePumnme+pe?<<w<1)=
=(e?—(1-p)+ (1~ (eP+pe?))=p(l—e?)<p
B nmocaepHeM HepaBeHCTBE MBI CHOBA BOCIHOAB30BAAUChH TeM, 4TOo e P > 1 —p, uau 1 —e P < p.
WUtak, npu KaxxpoM ¢ = 1,...,n MBI HOCTPOMAHU Iapy C.B. &;, 7);, OTAMYAIOIIUXCS C Be-
POSITHOCTBIO He Gonee p?. TIpHW pas3HBIX ¢ OTH C.B. HE3aBUCHUMBI, TaK KaK IIOCTPOEHHI IO

He3aBUCUMBIM KOOpPAWHATaAM TOYKM, BHIOpDAHHOM HayAauy B Kybe. OKOHUaTeAbHO, M3 Hepa-
BEHCTBA (26) MOAyYHM:

| P € A)— Pun € 4) | < S P(& # mi) < np.
=1
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IIpunroskenne. 3HAKOMbTECh — MAaKCHUMYM U
MUHUMYM

B sTOM pasapene, KOTOPBIM HUKOTAQ He OyAeT IPOYUTAH Ha AEKIUAX, XOTA OBl IIOTOMY, 4YTO
3Ta TeMa MOAPOOHO pa30bupaeTcs Ha IPAKTUUYECKUX 3aHATHUSAX, MBI IOTOBOPHUM O «MaKCHUMyMe
U MUHUMYME U3 N CAYUaWHBIX BEAUUYMH». BAYMUYUBBIN UUTATEAb Y’Ke CMOT AOTAapaThCS, UTO K
KAyoy «Makcumuna» @ HI'Y panHasa TeMa KacaTeAbCTBa He MMeeT.

IMycte c. B. &1,&,...,&,,... HE3aBUCUMBI U OAMHAKOBO pacHpeApereHbl, Fy (r) — ux
o0masa QyHKIINS pacIpeAeAeHU.

Onpepenrerne Ne N. CayualiHyIO0 BEAUYHHY ¢, = max{{1,...,{,} Ha30BeM MaKCUMYMOM,
a CAy4YaMHYIO BeAMuYuHy v, = min{&i,...,&,} — MuHUMymom ¥u3 n CAyYalHBIX BEAWYUH
517527-~7§n-

3ameuanune Ne N. 3aMeTuM Ha BCSIKUH CAydYal, uTO ¢, (w) = max{{;(w),..., & (w)}, Tak

YTO (¢, Ha KaXKAOM SAEMEHTapHOM MCXOAE COBMIAAAeT ¢ 00HoU u3 &;, 1 < i < n, HO HU C 00HOU
U3 HUX HEe COBIAAAeT npu Bcex w (eCAM C. B. HE3aBUCUMBI).

YopakHenne Ne N. AoKazaTh, UYTO BEpPOATHOCTbh MaKCUMYMy U3 IEPBLIX 1 HE3aBUCUMBbIX
U 00uHaKkoBo pacnpedesneHHbIX CAYYaUHBIX BEAWYNH, UMEIOIINX, K IIPUMEpY, PaBHOMEpPHOe
pacrpepeAeHre, PABHITHCS IEPBOM U3 HUX (MAU AIOOOU APYyTOI), ecThb 1/n:

P(max{ﬁl,. . ,§n} = 61) = % = P(fl > fg,...,fl > fn),

TO eCTb «B CpPeAHeM B 1/n cAyyaeB MaKCHMyM COBIIAAQET C BHIOPAHHOM BaMU Ccpepu &1, ...,&,
BEAUYMHOMY.

AAS AOKazaTeAbCTBA BOCIIOAB30BAThCS COOOpPa’KeHUIMHM CUMMETPUU, pa3buB Bce IIPO-
CcTPaHCTBO () Ha HE(CKOABKO?) PpaBHOBEPOSTHBIX COOBITHU THHA {{ > &2,...,&§ > &} u

HECKOABKO COOBITHM HYAE€BOM BEpPOSATHOCTH, BKAIOYAIONIUX BO3MOJKHBIE paBeHCTBa. Bcro-
MHHTB, C KaKOH BEPOSTHOCTBHIO ABe (MAM Goablie) u3 {{;} coBHapaloT (HapMUCOBATh COOBLITHE
{&1 = &2} B KBappaTe Ha IIAOCKOCTH).

Aemma Ne N. @yukyuu pacnpegerenHus CAYHUQUHbIX BEAUHUH ¢, = max{&i,...,&} U
tp, = min{&y, ..., &,} paBHbl, coomBemMCcmMBEHHO,

F,, (x) = (Fg1 (ZL’))n u Fy,(x)=1- (1 — Fe, (x))n

Aoxka3zaTteabcTBo. Haiipem dyHKIUIO pactnpepereHus Fy, (x). MakcuMyM M3 n BeAWYUH
MEHBIIIe T TOTAQ U TOABKO TOTAQ, KOTAQ Ka’KAAsd M3 3TUX BEAUUYUH MeHBIIe Z.

He3aBuc.

Fo,(z) = P(max{&,....&6}<z)=P(&G <z,....6o<z) =

o0g.pacnpeg.

— PG <a) ...-P(la<a) = (P(& < w)>n = (Fe. ()"

HatipeMm dyHKIMIO pacipepereHus Fy, (x). MUHUMYM U3 n BeAUUUH HE MEHbWe T TOTAQ
U TOABKO TOTAQ, KOTAQ Ka’KAasl M3 3TUX BEAWUNH He MEHBIIe .
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Fy, (x) = P(min{fl,...,ﬁn} < x) =1- P(min{gl,...,fn} > :E) =
= 1-P@>a,... . &>2)=1-P&>2) ... P& >2)=

= 1—(P(§1>:c)>n:1—(1—F§1(3:))". O

IMpumep Ne N. [Ilycts c. B. &1,&2,...,&,,... HE3aBUCUMBI U HMEIOT PaBHOMEpPHOE
pacnpepenenve Ha orpeske [0,1]. AOKakeM, YTO IOCAEAOBATEABHOCTH C. B. @1 = &,
w2 = max{&1,&}, ..., pn = max{&,... &} ... CXOAUTCS IO BEPOSITHOCTH K IIPABOMY KOHILY
oTpe3ka — K 1. He ymoTpebasis TepMHUH «IIOCAEAOBATEABHOCTH», MOKHO ITPOU3HECTH 3TO

YTBEpP)KAEHHE TaK: «MaKCHUMyM M3 IEPBBIX 1 CAYYaMHBIX BEAMYUH C POCTOM 7N CXOAUTCS K
eAUHUIIE TI0 BEPOSITHOCTIY.

EcTh Kak MHWHUMYM ABA criocoba AOKA3aTEeABCTBaA:

Crnoco6 1. ITo onpepeaenuso. ITycts ¢ > 0. Hatipem P(|p, — 1| > ¢). 3amerum, urto ¢, < 1,
IIOCKOABKY 3TO MAaKCUMyM M3 C. B., IPUHUMAIOIINX 3HaueHust Ha oTpeske [0, 1] (kpaiiss
paBasg U3 «KOOPAMHAT N TOYEeK, OpOIIeHHBIX Haypauy Ha [0,1] He3aBHCHMO APYT OT
Apyra»). IToaTomy

P(lgn — 1| > &) =P(1 — ¢, > ¢)

AAd TOTO, YTOOBI YCTAHOBUTH CXOAMMOCTD ITIOCAEAHEN BEPOATHOCTU K HYAIO, MOJXKHO ee
AM0OO HaMTH, AMOO OIeHUTH C IOMOIILI0O HepaBeHCTBa HeOnIéBa (MapkoBa).

1(a). HaiipeM 3Ty BE€pOSITHOCTb.
Pl—¢n>e)=P(l—e>¢,) =P(pn<1—¢)=F,, (1-¢).

AAsT paBHOMEPHOTO paclpepeAeHus Ha orpeske [0, 1]

0, x<0; 0, x<0;
Fe(x)=4x, 0<z<1 moatomy F, ()= (Fg(z)" =<2" 0<z<1
1, z>1, 1, x>1.

A ecan erle 3aMeTHTB, UTO 1 — e < 1, TO

0 1—-e<0, TO €cTB € > 1;
P —1>e)=F, (1—-¢e)=S ’ ’ 0
(lon = 11> ¢) en ) {(1—5)”, 0<1l—-e<1, Toectb 0<e<1 %

npu n — oQ.

1(6). OeHNM BEpPOSITHOCTHh CBEPXY. I[TOCKOABKY 1 — ¢, > 0, mO HepaBeHCTBY MapKoBa

E(l_SDn) _
P(l—gpn>€)< 5 = 5

L=Eon (27)

HaflAeM IINOTHOCTB pPACIIpeAeAeHUd C.B. ¢, WU MaTeMaTudeCKoe OXXHUAAHUEe EgDn.

0, z < 0; 1
_ n
fon(x) = (Fson(x)),: nz" !, 0<z<1 Esﬁnz/a:mc” 1algc:TH_l.
0, x> 1; 0

IToapcTaBAsIE MaTeMaTU4YeCKOe OJKUAQHME B HEPABEHCTBO (27), IOAYYUM

n
1— —
1-Epn n+1 1
P(1— ¢, >¢) < - -
(1=¢n>2) € € (n+1)e

— 0 opu n — oo.
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Cnoco6 2. Vicmoab3yeM CBSI3b CO CAA00IT CXOAMMOCTBIO. CXOAUMOCTL IO BEPOSITHOCTU K
KOHCMaHmMe PaBHOCUABHA CAA0OM CXOAUMOCTH (CcBOMUCTBO 19). AoKa)keM IIO3TOMY, 4TO
pn CAADO CXOAUWTCHA K epmHHUIE. TpeOyeTcsa AOKasaTh, YTO (PYHKIUSA PACIpPEAEACHUS
F,, (z) cxopuresa k Fi(x) = P(1 < x) ans aro6oro x # 1 (novemy kpome 177).

ITpu Ato6oM z # 1 umeem:

0, x<0; 0 <1
y T
Fo(2)={a", 0<z<1 — Fifr)=
1, =>1,
1, z>1

M TOABKO IIpH = = 1 cxopumocTH HeT: Fy, (1) =1, Toraa Kak Fi(1) = 0.

Takum 0OpasoM, ¢, CXOAUTCSA CAA00 K EAMHUIIE, U, CAEAOBATEABHO, CXOAUTCS K HEM Ke
IO BEPOSATHOCTH.

Yopakaenne Ne N+1. Aoxkaszath (cmocobamu 1(a), 1(6) u 2), 4To, B YCAOBUAX IIpUMepa
N, mocaepOBATEABHOCTH 91,12, ...,%Un,... CXOAUTCS IIO BEPOSATHOCTU K HYAIO (MBI OyaeM
TOBOPUTH «KMUHUMYM W3 MEPBBIX N CAYYaWHBIX BEAWYHH C POCTOM 7 CXOAUTCSI K HYAIO TIO
BEPOSITHOCTUY).

KpacusrIx 3apad, CBI3aHHBIX C MAKCUMYMOM UM MUHHMYMOM, CAMIIKOM MHOro. IIpepaa-
rar0 BaM pPENIUTh, HAIPUMED, CACAYIOIINE!

IMycts c. B. &1,&2,...,&,,... HE3aBUCUMBL U MMEIOT PaBHOMEPHOE pacIpepereHHe Ha
oTpeske [a,b], ¢, = max{{,...,&} ¥ = min{éy,. .., &, }. Aokasarth, 4TO

n

b—a
MeTpoM 1;

1) (b — ) Ipu N — 00 CAAOO CXOAMTCSI K ITOKa3aTEABHOMY PacCIIPeAeAeHHIO C Iapa-

n
2) TOYHO Tak Xe cebs BeAeT IIOCAEAOBATEABHOCTH 7 (Y — a);

—a
3) 9TO He YAUBUTEABHO, IIOCKOABKY C.B. b — ¢, U ¢, — & OANHAKOBO PACIPEAECACHEL;

n o
4) 1wocuuTaB BeposaATHOCTb P(v, > z, ¢, < = (Plx <& < , MOJXHO AErKo HaMTu
> Yy Yy
(DYHKIMIO COBMECTHOTO PACIPEAEAEHUS C.B. Yy, ¢y U C €e IIOMOIIbIO, HAalIpUMep, AOKa-
3aTh 3@aBUCUMOCTD 3TUX C.B. (IOCA€AHEEe M TaK OUEeBHAHO, He IIpaBAa AU?)

Teneps, HaKOHET],

ITOPA N3YUYATHb MATEMATHUYECKYIO CTATUCTHUKY!
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